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Value-Based and Policy-Based RL

e Value Based
- Learned Value Function

- Implicit policy (e.g. e-greedy)

« Policy Based _ _
Value Function Policy

- No Value Function

- Learned Policy Value-Based (A::':Itt(l)(: Policy-Based

 Actor-Critic

- Learned Value Function

- Learned Policy



Policy Optimization

. Let U(6) be any policy objective function

0. Initialize policy parameters 6

1. Sample trajectories {7; = {Sti, ati tho} by deploying the current policy y(a, | s,) .
2. Compute gradient vector V,U(0)

3.0 <« 0+ aV,yU(0)

. Policy based reinforcement learning is an optimization problem: Find 6
that maximizes U(0)

* General alternatives: gradient free optimization
- Hill climbing

- Genetic algorithms. Today we will learn different policy gradient
estimators.



Policy Optimization

0. Initialize policy parameters 6

1. Sample trajectories {7; = {Sti, ati tho} by deploying the current policy my(a, | s,) .
2. Compute gradient vector V,U(0)

3.0 « 0+ aV,U0)

« Advantages over value based methods:
- Effective in high-dimensional or continuous action spaces

-+ Can learn stochastic policies



Policy Gradient

* Let U(B) be any policy objective function

&\
: . . N ‘-‘o"v*‘v‘!“:z“%‘:: =
 Policy gradient algorithms search for a local .| #7000y
o ’

maximum in U(B) by ascending the gradient of,, />
the policy, w.r.t. parameters 6

Hnew — eold + A0
AO = aV,U(®)
e N

IS the policy gradient

a is a step-size
parameter (learning rate) oU(0)

00,

AU(0)
0

n

Policy gradient: the gradient of the policy objective w.r.t. the parameters of the policy




Policy functions

deterministic continuous policy stochastic continuous policy
po(s)
=
op($)
0 = 7(3) @~ N (po(s), 03 (%))

e.q. outputs a steering angle directl
J P J J y FA for stochastic multimodal

continuous policies is an active
area of research

(stochastic) policy over discrete actions

go left
go right
press brake

Outputs a distribution over a discrete set of actions



Policy functions

deterministic continuous policy stochastic continuous policy

a = 7T9
e.g. outputs a steerlng angle directly

a ~ N(pe(s

(stochastic) policy over discrete actions

go left
go right
press brake

Outputs a distribution over a discrete set of actions



Policy objective

Trajectory 7 is a state action sequence s, g, S1, Ay, . . . Sy, Ay

H
Trajectory reward: R(7) = Z R(s,, a,)
=0

A reasonable policy objective then is:

max. U(0) = B,y [R()] = > R(7)

T

H
Probability of a trajectory: P(z;0) = HP(SI 11 8»a) - mya,|s,)
=0 * ’

dynefmics o poﬁcy

Our problem is to compute V,U(0) = VyE__p(;.9)R(7)]



Policy objective

UO) =E,.p.olR(7)]

Computing derivatives of expectations w.r.t. variables that parametrize the
distribution, not the quantity inside the expectation

max. [E 0 J(X)

X~
0
Assumptions:

- P is a probability density function that is continuous and differentiable

- P is easy to sample from



Derivatives of expectations

Vo f(x) = Vo, p ) ()]



Derivatives of expectations

VoE, f(x) = V4E, p o )]
= Vy ) Py)fx)



Derivatives of expectations

VoE, f(x) = V4E, p o )]
= Vy ) Py)fx)

= Z VQP e(x)f (x) Why?



Derivatives of expectations

VolE J(x) = Vg, p,) [f (X)]
= Vy ) Pff(x)

X
- Z Vg Py(x)f(x) What is the problem here?
X



Derivatives of expectations

VoE, f(x) = V4E, p o )]
= Vy ) Py)fx)

= D" VoPyx)fx)

V,P
= D Py ;(ff;) fx)
¥ 0




Derivatives of expectations

VoE, f(x) = V4E, p o )]
= Vy ) Py)fx)

= D" VoPyx)fx)

V,P
= D Py ;(ff;) fx)
¥ 0

— Z Py(x) Vlog Py(x)f(x)



Derivatives of expectations

Vo f(x) = VoE,op ) (0]
= Vg ), P)f(0)

= Z VPy(x)f(x)

B Vg Py(x)
ZPQ() Pe(x) S

— Z Py(x) Vlog Py(x)f(x)

= [Epre(x) [Vglog Py(x)f (X)] What have we achieved?



Derivatives of expectations

VoE, f(x) = V4E, p o )]
= Vy ) Py)fx)

= Z V Pyx)f(x)

B Vo Py(x)
ZPQ( ) Pe(x) f)

— Z Py(x) Vlog Py(x)f(x)

= E..p v | Volog Pyx)f(x)]

| can obtain an unbiased
estimator for the
gradient VyE, f(x) by
sampling!

From the law of large
numbers, it will
converge to the right
gradient with infinite
number of samples



Derivatives of expectations

VQ[Exf (X) — VH[ExNPQ(x) [f (X)]

= Vy ), Px)f(x)

= Z Vo Pyl)f(x)
Vg Py(x)

— 2 Po(x) P(x) S(x) | can obtain an unbiased
0 estimator for the

= 2 P,(x) V ylog P,(x)f(x) g;?g;)e"r:g've[%f(x) by

= E,py [Velog Pe(x)f(x)] From the law of large

| numbers, it will
o N0 converge to the right
~ N 2 Vilog Py )f(xc®) gradient with infinite

number of samples



Derivatives of the policy objective

meax. UO) =E,.p,m [R(T)]




Derivatives of the policy objective

meax. UO) =E,.p,m [R(T)]

VoU®) = V4E, o |RO)]
= Vy ) P0R()

= ) VyPy0R()



Derivatives of the policy objective

meax. UO) =E,.p,m [R(T)]

VoU®) = V4E, o |RO)]
= Vy ) P0R()

= Z V,Py(7)R(7)



VoP(";0) =V,

~

T
[TP6010.0 - 15
=0 g

dynamics  policy




V,P(z\"; 0)

T
[TP6010.0 - 15
=0 g

dynamics

T
HP(St(Jlr)l | St(l)’ at(l)) ) V@
1=0 -~

dynamics

~

policy

T
H & 9(at(l) | St(l))
=0 -

policy

T
const. - V, Hng(at(i) | s)

=0




Derivatives of the policy objective

meax. UO) =E,.p,m [R(T)]

VoU®) = V4E, o |RO)]
= Vy ) P0R()

= Z V,Py(7)R(7)



Derivatives of the policy objective

meax. UO) =E,.p,m [R(T)]

VoU(O) = V4E, p, [RO)]
= Vy ) P0R()

= ) VyPy0R()

V,P
= Y Py2) ;e(i(;) R(7)

— Z PQ(T) Velog P@(T)R(T)

— |ETNP9(’L') [Velog PQ(T)R(T)]



Derivatives of the policy objective

max U®) = E, p o |R(7)
VoU®) = V4E, o |RO)]
= Vy ) P0R()

= Z V,Py(7)R(7)

VP@T)

= ZPM g KO
9

= Z Py(7) Vylog P((7)R(7)

— [ETNPQ(T) [VglOg P Q(T)R(T)]
Approximate the gradient with empirical estimate from N sampled
trajectories:

V,U(0) ~ 2 V, log Py(t)R(D)
i=1



Derivatives of the policy objective

max U®) = E, p o |R(7)
VoU®) = V4E, o |RO)]
= Vy ) P0R()

= Z V,Py(7)R(7)

VP@T)

= ZPM g KO
9

= Z Py(7) Vylog P((7)R(7)

— [ETNPQ(T) [VglOg P Q(T)R(T)]
Approximate the gradient with empirical estimate from N sampled
trajectories:

V,U(@0) =~ 2 V, log Py(t)R(z®)
i=1



From trajectories to actions

T
Vylog P(z?;0) = V,log HP(St(J?l |59, a) - my(a® | s)
=0

dynamics  policy



From trajectories to actions

T
Vylog P(z?;0) = V,log HP(St(J?l |59, a) - my(a® | s)
=0

dynamics  policy

T
=V, Z log P(As‘t(jr)1 | St(l), at(’)) + log ﬂe(at(’) | st(’))
=0

dynamics policy



From trajectories to actions

T
Vylog P(z?;0) = V,log HP(St(J?l |59, a) - my(a® | s)
=0

dynamics  policy

T
=V, Z log P(As‘t(jr)1 | St(l), at(’)) + log ﬂe(at(’) | st(’))
=0

dynamics policy

T
=V, Zlog wo(a® | s)
=0

policy



From trajectories to actions

T
Vylog P(z?;0) = V,log HP(St(J?l |59, a) - my(a® | s)
=0 -

dynamics  policy

T
=V, Z log P(As‘t(jr)1 | St(l), at(’)) + log ﬂe(at(’) | st(’))
=0

dynamics policy

T
=V, Zlog wo(a® | s)
=0

policy

T
— Z Volog my(a™|s)
=0



From trajectories to actions

T
Vylog P(z?;0) = V,log HP(St(J?l |59, a) - my(a® | s)
=0

dynamics  policy

T
=V, Z log P(st(jr)1 | St(l), at(’)) + log ﬂe(at(’) | st(’))
=0

dynamics policy

T
=V, Zlog wo(a® | s)
=0 J

policy

T
— Z Volog my(a™|s)
=0

1 & < L .
VoU(O) ~ — Y Y Vylog mya®| sO)R(ED)

=1 =1

1 & | |
V,U®) ~ v ; V, log P(t))R(z®)

5>



From trajectories to actions

T
Vylog P(z?;0) = V,log HP(St(J?l |59, a) - my(a® | s)
=0

dynamics  policy

T
=V, Z log P(st(jr)1 | St(l), at(’)) + log ﬂe(at(’) | st(’))
=0

dynamics policy

T
=V, Zlog wo(a® | s)
=0 J

policy

T
— Z Volog my(a™|s)
=0

1 & & L .
VoU(O) ~ — Y Y Vylog my(a®| sO)R(E?D)

=1 =1

1 & | |
V,U®) ~ v ; V, log P(t))R(z®)

>



From trajectories to actions

T
Vylog P(z?;0) = V,log HP(St(J?l |59, a) - my(a® | s)
=0

dynamics  policy

T
=V, Z log P(st(jr)1 | St(l), at(’)) + log ﬂe(at(’) | st(’))
=0

dynamics policy

T
=V, Zlog wo(a® | s)
=0 4

policy

T y A .
= Y V,log za® |5 Let’s call g the approximate
=0

gradient vector

1 & < o .
VoU(O) ~ — Y Y Vylogmye” | sO)RED)

=1 =1

1 & . |
V,U®) ~ v ; V, log P(t))R(z®)

5>



Vlog ry(a) for Gaussian policy

Variance may be fixed, or can also be parameterized, for now let’s fix it.

1 _1 (a—p?
For univariate Gaussian (i, 6°) = e 2 o

/2

(a — py(s)) Y, p1y(s)

G2

Vlog z(a|s) = const. -

For multivariate Gaussian J/ (u, %) = e~ 7@—1) ' Z @—p)
\/ 2r)kdet X

Oy - .. )
00, ...0)

Vlog z(a|s) = const. - >~la— Ho(S))



Two-dimensional Gaussian P,(x)

VQ[Exf(x) — VQ[EXNPQ(X) [f(X)]

Imagine | am optimizing over _ T
= Vo 2 Po0f ) these two parameters: p=10,,0,)]
= D VoPyf )
~ VP y(x)
= Z P o @

— Z P,(x) Vlog Py(x)f (x)
=E,.py | Vglog Py(x)f(x)]

1 & o
v — D% Volog Py ) (x)
i=1

1 < 10
~ =1, (q@) _ (0
o ._El const.2™" - (a 7)) [Ol] f(x')




Softmax

LOGITS

SCORES SOFTMAX PROBABILITIES
R p — ()7 ( | 8) ] eh(saaae)
w(als =
— p=0.2 ’ h(s,b,0)
p 2..€

— n =N

discrete actions

Input ;O )
A | utput
Q) Q) () goleft

O 0) go right
O

Output is a distribution over a discrete set of actions



Vlog ry(a) for softmax policy

e hy(s,a)

zb e No(s,D)

mg(a | 5) =

Voglog my(a) =



Vlog ry(a) for softmax policy

é hQ(Saa)

zb eho(s.b)

Vglog Jl'e(a) = Vehe(s, a) — Vglog Z ehe(s,b)
b

my(als) =



Vlog ry(a) for softmax policy

é hQ(Saa)

zb eho(s.b)

my(als) =

Vglog Jl'e(a) = Vehe(s, a) — V lo og Z hy(s,b)
b

— hy(s,b)
Vohy(s,a) Z B 2



Vlog ry(a) for softmax policy

é hQ(Saa)

zb eho(s.b)

my(als) =

Vglog Jl'e(a) = Vehe(s, a) — Vglog Z ehe(s,b)
b

1
— hy(s,b)
Vehe(S, a) Z D) VGZ e’
b b

1
— h,(s,b)
Vehe(sa Cl) Z ehe(s’b) Z Vee 0
b b




Vlog ry(a) for softmax policy

e hy(s,a)

zb e No(s,D)

mg(a | 5) =

h,(s,b)
Vglog my(a) = Vyhy(s.a) — Vylog ) e
b

1 hy(s,D)
(ZACK
V@he(s, a) - Z eh@(S,b) V@; e
b

1 h,(s,b)
V@he(s, Cl) — Z ehg( 5.) Z Vee 0

s,b
V hy(s, a) — Z hos:D) N (s, b)

z ehe( s.b)



Vlog ry(a) for softmax policy

é hQ(S,Cl)

zb eho(s.b)

my(als) =

Vylog my(a) = Vyhy(s,a) — Vylog Z olo(s:b)
b

1
— hy(s,b)
Vehﬁ(sa Cl) Z ehg(s,b) VGZ e’
b b

1
Vo) =5 BV

VGhG(S, a) — Z he(Sb)V h (S b)

ehg(s b)

Z eha(S b)

Voho(s, @) = Z ho(s.b
> Zbe 0(s,D)

Vohy(s, b)



Vlog ry(a) for softmax policy

e hQ(S,Cl)

zb e ho(s,b)

mg(a | 5) =

Vylog my(a) = Vyhy(s,a) — Vylog Z olo(s:b)

Vohy(s,a) — 5 eh = Z h(s.b)

1
— Z hy(s.b)
V@he(s, Cl) ehg(s,b) Vee 0
zb b

1
Vohy(s, a) — Zb (s b) Z eSO ho(s, b)
b

oho(s.b)

> zb oho(s.b)
Voh(s.a) = Y my(s. b) Vghy(s. b)
b

Vohy(s,a) — Vohy(s, b)



Temporal structure

T
Y Y Vylog my(a®| sO)R()

1 N
§==
Nizl =1



Temporal structure

Vglog my(a” | s R(z?) Each action takes the

. blame for the full trajectory!
Vlog my(a® | s;i))( » R(s, a,gl?))

k=0

o>

I
z| =
.MZ
M-~

o~
Il
[UN

=1

2|||H
M-
DM~

~
Il
[
~
Il

1



Temporal structure

Volog my(a” | sR(z")
1 Each action takes the

v log my(a®| St<z>)( 2 R(sD. a}go)) blame for the full trajectory!

k=0

o>

I
z| =
.MZ
M-~

o~
Il
U
~
Il

2|||H
M-
DM~

~
Il
[
~
Il

1
—1

T
Volog y(a? | st(’))< Z R(s©, algl)) + Y R(sY, aé”))
k=t

k=0

2|||._
M-
M~

~y
Il
[E

~
Il

1

Can we do better than assigning
the cumulative trajectory reward
to every action in the trajectory?




Temporal structure

Volog my(a” | sR(z")
1 Each action takes the

v log my(a®| St(’))( Y RGs, a,ﬁ”)) blame for the full trajectory!

o>

I
z| =
.MZ
M-~

o~
Il
U
~
Il

2|||H
M-
DM~

~
Il
[
~
Il

1 k=0

—1

T
Volog y(a? | st(’))< Z R(SIE’), algl)) + Z R(SIE’), aé”))
k=t

2I|I._
M-
M~

1 =1 k=0

l

Consider instead:

1 < o
§=— Y Y Vylog za®|s?) blame for the trajectory

T ( ) Each action takes the
=1 1=l that comes after it

We can call this the return from t onwards



Likelihood ratio gradient estimator

* Let’s analyze the update:

A0, = aG,Vylog r, (st, at)

e | et’s us rewrite is as follows: move most in the directions that favor
actions that yield the highest return

-

Vor (A,]S,.0)
T (At 1S, 0)

o

Update is inversely proportional to the action probability to fight
the fact that actions that are selected frequently are at an
advantage (the updates will be more often in their direction)

01+1 = Ht T Cl}/th




REINFORCE (or Monte Carlo Policy Gradient)

0. Initialize policy parameters 6

1. Sample trajectories {7; = {sti, ati}tho} by deploying the current policy 7y(a, | s,) .

2. Compute gradient vector V,U(0) ~ g = Z Z V,log z (a(’) | S(z))Gu)
=1 r=1

3.0 < 0+ aV,U®)



Policy Gradients

max. U(O) = E.pq R(7)]

VoU(©) = V4E, p o R

- vez P,(7)R(7)
= 2 V Py(7)R(7)

0P
—ZMﬂ%T (7)
= ) Py(1) V4log P0)R(2)

=Lk, p, [Vglog P e(T)R(T)]
Sample estimate:

V,U@O) = Z V log Py(z™)R(z®)
i=1



Evolutionary Methods

max . U(u) = Ep.p (g |F(O)]

H

V, U = V,Eqp g [FO)

= VM[Pﬂ(e)F(e)de

v, P(O)F(0)d0

VP60

P(O)— o F(6)do

U

P,(0)V, log P(0)F(6)d6

= Epp 0 [Vﬂlog Pﬂ(G)F(Q)]
Sample estimate:

1 & . |
VUG~ — YV log P(0D)F(OD)

i=1



Policy gradients VS Evolutionary methods

Considers distribution over actions Considers distribution over policy

parameters
m@ax. UO) = E, p :R(r)] m:lX- U(p) = =0~P,(0) [F (9)]
VoU®) = VoE, p ) RG]

=V, Y Py0R(7) V0= V,Eonrio O

: = vﬂ[Pﬂ(e)F(e)de
B Z;‘ VoPd DR = pVMPﬂ(Q)F(é’)dQ
— ZT:PH(T) V}H):Zi(;) R(7) — :PM(Q) VI’;‘;‘;( )9) F(6)do
= Y Py(e) V,log PR () - | PV, log P@)F()a0

— [ETNPQ(T) [V@log P@(T)R(T)] — [Engﬂ(g) [Vﬂlog Pﬂ(Q)F(Q)]

Sample estimate: Sample estimate:

I 1 - - VUG ~ SV log P.@0O)FO®
VQU(H)%szelogPe(r(l))R(r(l)) U~ — YV, log PO)FO)

i=1
i=1



Policy gradients VS Evolutionary methods

 We are sampling in both cases...
- PG: sampling in action space

- ES: sampling in parameter space



Pong from Pixels

Slides from Andrei Karpathy






Policy network

raw pixels hidden layer

M C probability of
\“"}“."’7 ‘ moving UP

&)/
b/}.f‘?«AV‘A

Vavs




e.g.,

height width

[80 x 80]
array

Policy network

raw pixels hidden layer

k ) probability of
P , .
XA moving UP
N2 \é V2

25K /

""\‘V
/

g




Policy network

raw pixels hidden layer

height width robability of
20 - moving UP
0 x 801 XL ;
array

KREES
INE

E.g. 200 nodes in the hidden network, so:

[(80*80)*200 + 200] + [200*1 + 1] = ~1.3M parameters
Layer 1 Layer 2



Network does not see this. Network sees 80*80 = 6,400 numbers.
It gets a reward of +1 or -1, some of the time.
Q: How do we efficiently find a good setting of the 1.3M parameters?



Suppose we had the training labels...
(we know what to do in any state)

(x1,UP)
(x2,DOWN)
(x3,UP)




Suppose we had the training labels...
(we know what to do in any state)

(x1,UP)
(x2,DOWN)
(x3,UP)

raw pixels hidden layer

—@ ..
‘}}fll{- . probabil |Ltjypof
vz‘v’xy/ Mmovi ng
»)v’f‘?n‘é

= N A /N
AN




Suppose we had the training labels...
(we know what to do in any state)

(x1,UP)
(x2,DOWN)
(x3,UP)

maximize:

Z,- log p(yi|xi)

raw pixels hidden layer

W probability of
bg;}:?;éj moving UP
KAL)

Avf‘YAVA

BN
’/o A
7’0’\‘\\7

N

supervised learning




Except, we don’'t have labels...

raw pixels hidden layer

—C ..
XA oty
F""‘”‘/

S
RIS
"ol ¢ “Ak\
HERX
Zal's

Should we go UP or DOWN?




Except, we don’'t have labels...

“I'ry a bunch of stuff and see
what happens. Do more of the

stuff that worked in the future.”
-RL

trial-and-error learning



Let’s just act according to our current policy...

raw pixels hidden layer

probability of Rollout the policy
and collect an
episode

DOWN o UP UP DOWN UP UP
WIN




Collect many rollouts...

4 rollouts:
UP DOWN UP UP DOWN DOWN DOWN UP
o »® —0—0 \VIN
DOWN UP UP DOWN UP UP
LOSE
UP UP DOWN DOWN DOWN DOWN UP
LOSE
DOWN UP UP DOWN UP UP
WIN

T T




Not sure whatever we did here, but
apparently it was good.

UP DOWN UP UP DOWN »® DOWN £ DOWN 2 UP 3
DOWN UP UP DOWN UP UP

UP UP DOWN DOWN DOWN DOWN UP

DOWN UP UP DOWN UP UP

!

T

WIN
LOSE

LOSE
WIN




Not sure whatever we did here, but it was bad.

UP DOWN o UP UP DOWN_ g DOWN_gDOWN_ o UP o \WIN
DOWN o UP UP DOWN UP UP LOSE
UP UP DOWN o DOWN o DOWN o DOWN UP LOSE
DOWN o UP UP DOWN UP UP WIN

T

T




Pretend every action we took here Pretend every action we took
was the correct label. here was the wrong label.
maximize: logp(y,- | x,-) maximize: (—1) * logp(y,- | x;)
UP DOWN UP UP DOWN, o DOWN_g DOWN_g UP g | \viN
DOWN o UP UP DOWN UP UP L OSE
UP UP DOWN o DOWN o DOWN o DOWN UP | OSE
DOWN o UP UP DOWN UP UP WIN

T T

1 & -« o .
VoU(O) ~ — Y Y Vylog za® [ sORED)

=1 =1




Supervised Learning

Zi log p(yi |x;)

For images x_I and their
labels y .




Supervised Learning

2. log p(yi|x;)

For images x_I and their
labels y .

Reinforcement Learning



Supervised Learning

2. log p(yi|x;)

For images x_I and their
labels y .

Reinforcement Learning

1) we have no labels so we sample:

yi ~ p(-|xi)




Supervised Learning

Zi log p(yi |x:)

For images x_i and their
labels y .

Reinforcement Learning

1) we have no labels so we sample:

yi ~ p(-|xi)

2) once we collect a batch of rollouts:
maximize:

Zi Ai K logp(y,- ‘Xi)




Supervised Learning

Zi log p(yi |x;)

For images x_I and their
labels y .

Reinforcement Learning

1) we have no labels so we sample:

yi ~ p(-|xi)

2) once we collect a batch of rollouts:
maximize:

2. Ai * log p(yi|x:)

/

We call this the advantage, it's a
number, like +1.0 or -1.0 based on how
this action eventually turned out.

Advantage is the same for all actions taken during a trajectory, and
depends on the trajectory return (episode return)




Supervised Learning Reinforcement Learning

maximize:

1) we have no labels so we sample:

Zi Ing(y,-Ix,-) Vi ~ p(‘xl)

For images x_I and their
labels y .

2) once we collect a batch of rollouts:
maximize:

Zi Aj * log p(yi|x:)
/

+ve advantage will make that action more
likely in the future, for that state.

-ve advantage will make that action less
likely in the future, for that state.

N T

1 o
VoU(O) ~ — Y Y Vylog za® [ sOR(ED)
i=1 =1



Variance

Here is our gradient estimator:

N o
g = ~ Z V,log ﬂg(at(l) | st(l))Gt(l)
i=1 r=1

It is unbiased, i.e., with large /V it will accurately approximate the true
gradient.

Problem: Unfortunately, usually a very large NV is required.

Can we improve the variance of our estimator?



Variance

Here is our gradient estimator:
N T

.1 RO
g:N E E Velogﬂg(at()lst( ))Gt()
i=1 =0

Variance is the trace of the covariance matrix:

n

Var(g) = tr ([E (8 — E[2D(E — [E[§])T]) = Z 3 [(gk - [E[g)k])zl

k=1

Our goal is to minimize the variance of our estimator.



Reducing variance by subtracting a baseline

What if we subtract a constant b from the rewards:

N
Y Vylog Py(z)(R(zD) - b)

N N
| | 1 |
A=—Z:Vlo P.(tNR (l)——Z:Vlo P.(tD
8 Ni=1eg9(f)(f) Ni:19ge()



Reducing variance by subtracting a baseline

What if we subtract a constant b from the rewards:

1 & | |
0 — — V., log P.(tOYR(zD) = b
2 NEHM YR(TD) — b)

] & |
0 = - — V. loe P.(t‘N)p
8 N; glog Py(7")

new term



Reducing variance by subtracting a baseline

What if we subtract a constant b from the rewards:

1 & | |
0 — — V., loe PAtOVR(D) = b
8 N; slog Py(z)(R(z®) — b)

. RN (i)
5 — —— ) V,loe P(tD)b
8 NZ, plog Py(7)
new term

V,P
0 a(f)b

Z P(z;0) V@lOg Pg(f)b = Z P(z;0) P(z;0)

= ) VyPy(r)b

=b < >y V0P9(7)>
=b < Vo ) P9(7)>

=0



Reducing variance by subtracting a baseline

What if we subtract a constant b from the rewards:

e . .
&=~ 2 Volog PR - b)
i=1 i N
0 = - — V,log P,(t"))b
8 N ; plog Py(7'")
new term
Y P(z;0)Vylog Py()b = ) P(z;0) Zg"g) b
= D VoPy@b . new term equals to 0 in
' expectation
=b ( >y V0P9(7)> | |
: - We are still unbiased

=b ( Vo ) PH(T)>

=0



Baseline choices

Constant Baseline (single scalar): b = E[R(7)]

N

i T o .
g ==, X Volog mal” 15)(G~0)
i=1 =1

N
Time-dependent Baseline (a vector length T): b, = 2 Gt(’)
i=1

M~

.1 D1 N[
&= Volog my(a” | s)(GP-b,)
i=1 =1

State-dependent Baseline (a function):

b(s)=EL [rt+rt+1 + 1o+ o+ | s, =8 =V (5)

N

1
8=NZ

=1t

M=

Vlog m(a® | s V) (GP—b(s D))

I
)



Variance

Subtracting a state-dependent Baseline:

.1y D1
8= D Vylog my(a”|sO)GP

i=1 =0
Var() = tr (E [(¢ - FIZD(E - [E[g]ﬂ) = Z F [(é’k - [E[é’k])z]
k=1

. Imagine in some state S, the rewards of all actions are ~3000 and in some state .S,
the rewards of all actions are~ -4000.



Action advantages Versus Action returns

R N |
g=~ Z Volog 7y(a® | s (G — b(s))
= \ advantage J
v(sy) = 3000 s S) v(s,) = — 4000

- Imagine in some state s, the rewards of all actions are ~3000 and in some state s,
the rewards of all actions are~ -4000. Bad actions in s; will much influence the
gradient way more than good actions in §,. But our goal is to select the right actions

across both bad and good states!

. Now imagine you have b(s;) = 3000 and b(s,) = — 4000 and you subtract those
values from the sample returns.



Action advantages Versus Action returns

1 N |
g=~ Z Volog 7y(a® | s (G — b(s))
= \ advantage J
v(sy) = 3000 s S) v(s,) = — 4000

- Imagine in some state s, the rewards of all actions are ~3000 and in some state s, the rewards
of all actions are~ -4000. Bad actions in s; will much influence the gradient way more than good
actions in s,. But our goal is to select the right actions across both bad and good states!

 Now imagine you have b(s;) = 3000 and b(s,) = — 4000 and you subtract those values from
the sample returns.

« We want to encourage an action not when it has high return, but when it has higher return than
the other actions from that state, i.e., when it has an advantage over other actions. It may well
be that a state is bad and all actions have low returns in that state, we care to find the actions
that have higher returns that the rest, and we need to calibrate for the goodness of state using

state dependent baselines.



Estimate state dependent baseline Vg(st)

1 & o | |
== 2 X Volog e 150G - Vits™) )

i=1 r=1
* Monte Carlo estimation

1. Initialize ¢

2. Collect trajectories: 7q, ..., Ty

3. Regress against empirical return, e.g., using gradient descent:

2

| N Tl 1
¢<—argm1nﬁzz V7 (s (ZR( @) (l)>)

i=1 =0



Estimate state dependent baseline Vg(st)

1 & < o . .
g = ~ Z Z Volog my(a” | Sf”)(Gt(’) — Vg(st(l)))
i=1 r=1
 TD estimation
1. Initialize ¢
2. Collect data for: s,a, s’, r
3. Fitted V iteration
2
. /A /
Py = argmin 2 || oV en-ve | 2

(s,a,s’,r)



Actor-Critic

»  Actor-critic algorithms maintain two sets of parameters
- Critic Updates action-value function parameters w

- Actor Updates policy parameters 0, in direction suggested by critic

two network design + simple & stable

- no shared features between actor & critic

shared network design




Actor-Critic

0. Initialize policy parameters @ and critic parameters ¢ .
1. Sample trajectories {z; = {Sti, ati iT=0} by deploying the current policy my(a, | s,) .

2. Fit value function Vg(s) by MC or TD estimation (update ¢)

3. Compute action advantages A”(Sf, ati) = Gt(i) — Vg(s,f)

N

R L o o
4. V,UO) ~ § = ~ Z Z Vlog ny(a, | s,))A”"(s;, a,)

=1 =1

5.0 — 0+ aV,U®)



Sample returns are Q estimates!

Whether we use a baseline:

N et o . .
§=~2 Y Vologmfa| s (G = Vi)
=1 =1
or not:
1 & NN
§ = — Z Z Velog ﬂe(at(l) | St(l))Gt(l)

N

=1 r=1

T
returns Gt(i) = Z R(sY, algi)) are trying to estimate Q values from a single

k=t
rollout:

Q"(s,a) =E[Ry+ R+ -+ | Sy = 5,4y = 4]




Sample returns are Q estimates!

T
Returns Gt(i) = Z R(sY, a/?)) are trying to estimate Q values from a single

k=t
rollout:

Q"(s,a) =E[Ry+ R, + - | Sy = 5,47 = d]

Minimize variance of such Q estimates by:
- discounting

- introducing a learnt approximation for the Q, as opposed to
returns from single rollouts



By definition of the Q function

Q™ (s,a) = E[Ry+ YR, + }/2R2--- | Sy = 5,4y = da]



By definition of the Q function

O™(s,a) = E[Ry+ YR, + y*Ry--- | S, = 5, Ay = a]




By definition of the Q function

|
T

Ry + 7R + 7Ry |8y = 5,Ag = d]
:RO + }/VE(SI) | SO =3, AO — a]
:RO + }/Rl + }/2V”(Sz) | SO = 3, AO — a]

0™/(s,a) =

|
T

|
T




By definition of the Q function

E[Ry+ YR, + >Ry | Sy = 5, Ay = a]

E[Ry + yV*(S) Sy = 5,Ay = a]

E[Ry + YR, + y*V*(S,) | Sy = 5,Ay = a]

E[Ry + YR, + >R, + y°V*(S,) | Sy = 5, Ay = a]

Q*(s, a)

If | have estimated Vg(S), | can use it to estimate the Q values, | do not
need a separate Q function approximate!



Advantage Actor-Critic

0. Initialize policy parameters 6 and critic parameters ¢ .
1. Sample trajectories {7; = {sf, ati }tho} by deploying the current policy my(a, | s,) .

2. Fit value function Vg(s) by MC or TD estimation (update ¢)
3. Compute action advantages A”(sti, ai) = R(sf, ai) + }/Vg(sti )~ Vq’g(s,f)

4. VU@O) ~ § = Z Z Vglog 7y(a | s)A™(s;., af)

llt—

5.0 — 0+ aV,U®)



Advantage Actor-Critic

0. Initialize policy parameters 6 and critic parameters ¢ .
1. Sample trajectories {7; = {sti, ati tho} by deploying the current policy my(a, | s,) .

2. Fit value function Vg(s) by MC or TD estimation (update ¢)

3. Compute action advantages A”(s!, a!) = R(s!, a’) + }/Vg(sti D Vg(sti)

1Y & o o
4. V,UO) ~ § = N Z Z Vlog ny(a; | s,)A"(s/, a/)
i=1 =1

5.0 — 0+ aV,U®)

How can we compute this in automatic differentiation packages, such us
Tensor flow?

We need to write the expression that when differentiated will give that
gradient.

N

2 Z log y(a! | sHA™(s!, al)

=1 r=1

-1
U=—
N



REINFORCE/Actor-critic training

 Stability of training neural networks requires the gradient updates to
be de-correlated

* This is not the case if data arrives sequentially

* Gradient updates computed from some part of the space can cause
the value (Q) function approximator to oscillate

* Our solution so far has been: Experience buffers where experience
tuples are mixed and sampled from. Resulting sampled batches are
more stationary that the ones encountered online (without buffer)

* This limits deep RL to off-policy methods, since data from an older
policy are used to update the weights of the value approximator
(critic) (except if we take care and weight such data under our
current stochastic policy->importance sampling)



Asynchronous Deep RL for on policy learning

Asynchronous Methods for Deep Reinforcement Learning

Volodymyr Mnih'! VMNIH @ GOOGLE.COM
Adria Puigdoménech Badia'! ADRIAP @ GOOGLE.COM
Mehdi Mirza' 2 MIRZAMOM @IRO.UMONTREAL.CA
Alex Graves' GRAVESA @ GOOGLE.COM
Tim Harley' THARLEY @ GOOGLE.COM
Timothy P. Lillicrap’ COUNTZERO @ GOOGLE.COM
David Silver! DAVIDSILVER @ GOOGLE.COM
Koray Kavukcuoglu ! KORAYK @ GOOGLE.COM

1 Google DeepMind
2 Montreal Institute for Learning Algorithms (MILA), University of Montreal

* Alternative: parallelize the collection of experience and stabilize
training without experience buffers

* Multiple threads of experience, one per agent, each exploring in
different part of the environment contributing experience tuples

« Different exploration strategies (e.g., various € values) in different
threads increase diversity

 Now you can train on-policy using any of our policy gradient methods



Distributed RL

' Global Network

=

— = A~ |= ——
rk

w W 9w J
- Worker

.| Worker3 - Workern

~ Worker

! !
S

S
N




Distributed Asynchronous RL-A3C
up?iéﬁgr.gl(ligal q 1. Worker reset

network with to global
gradients network

4. Worker 2. Worker
gets interacts
gradients with
from losses environment

3. Worker
calculates
value and
policy loss

N




A3C

Algorithm S3 Asynchronous advantage actor-critic - pseudocode for each actor-learner thread.

// Assume global shared parameter vectors 0 and 0., and global shared counter T’ = 0
// Assume thread-specific parameter vectors 0’ and 0,

Initialize thread step counter ¢ <— 1

repeat

Reset gradients: df < 0 and df, < 0.
Synchronize thread-specific parameters " = 6 and 0., = 0,

tstart = T
Get state s
repeat
Perform a; according to policy 7(a¢|s:; ") Rollout
Receive reward r; and new state s;1
t+—t+1
T'+~T+1
until terminal s¢ or t — tstart == tmax
R = 0 for terminal s;
1 V(s 0,) for non-terminal s:// Bootstrap from last state
for 1 - {t — 1, “ e ,tstart} do
R+—r;+vR

Accumulate gradients wrt 0’: df < df + Vg: log w(ai|si; 0") (R — V (s4;6y,))
Accumulate gradients wrt 0/,: df, < db, + 0 (R — V (s::0.,))° /90,
end for

Perform asynchronous update of 6 using df and of 6,, using d@\

until 7' > T, 02

515925935 34

Fis¥r, I3

What is the approximation used for the advantage?
Ry =ry+yV(sy, 0) Ay =Ry — V(s3;0))
Ry =ry+yrs +7°V(s;, 0) Ay =Ry — V(sy; )

N

R; — V(s3)



Distributed Synchronous RL-A2C

5. Gradients of all
workers are averaged and
the central neural net
weights are updated

1. Worker reset
to global
network

4. Worker 2. Worker
gets interacts
gradients with
from losses environment
3. Worker
' calculates
value and
policy loss




We also found that adding the entropy of the policy m to
the objective function improved exploration by
discouraging premature convergence to suboptimal
deterministic policies.” So you need to add to the policy
gradient: +pV H(zya,|s;0))

We will look into the entropy as part of the reward in later
lecture



Actor-Critic

0. Initialize policy parameters @ and critic parameters ¢ .
1. Sample trajectories {7; = {st, a, }T o) by deploying the current policy my(q, | s,) .

2. Fit value function V”(S) by MC or TD estimation (update ¢)
3. Compute action advantages A”(st, l) = R(st, ‘) + }/V”(S D) V”(S

4. VU@O) ~ § = Z Z Vglog my(ai | sA™(s;. af)

zlt—

5.0 — O+aV,U(0)



Actor-Critic as Policy Ilteration

0. Initialize policy parameters @ and critic parameters ¢ .
/;> 1. Sample trajectories {7; = {sti, ati }iT=0} by deploying the current policy zy(a, | s,) .
2. Fit value function Vg(s) by MC or TD estimation (update ¢)

Estimate the
3. Compute action advantages A”(s/, a;) = R(s;, a/) + ;/V(’;(st’ )= Vg(s;) advantages by
| N policy evaluation
4. V,UO) ~ g = — V log (! | sHA™(sL, a!
VO~ 2 =—3 ¥ Vylogmla]|sHA(s),a)

=1 r=1 run the policy and
5.0 « 6+aV,U0) collect trajectories

Improve the
olelile}Y;

Policy iteration:
1. Initialize policy x.
/_,_> 2. Deploy policy in the environment
3. Estimate and identify advantages A”: actions whose Q_(s, a) value is

higher than the state V_(s) value.
4. Change the policy to switch to those actions (or to make them more

probable), resulting in 7.

tl S'ﬂ%ﬂnew




Actor-Critic is on policy

0. Initialize policy parameters @ and critic parameters ¢ .
1. Sample trajectories {7; = {Sti, ati}l.TzO} by deploying the current policy my(a, | s,) .

2. Fit value function Vg(s) by MC or TD estimation (update ¢)

3. Compute action advantages A”(s!, a') = R(s!, a) + ng(Sti )T Vg(sf)

N

1 L o o
4. V,UO) = § = N Z Z Vlog my(a | s))A™(s,, af)

=1 =1

5.0 — O+aV,U(0)

The actor critic methods we have described are on policy methods: they use data of the
current policy to improve the policy.



This lecture

When we have guarantees that we have policy improvement in AC methods?
What should be our stepwise in AC methods?
Can we use older data, data from previous versions of the policy, and train off-policy?

To guarantee improvement we need the policy not to change too much from iteration to
iteration.



Can we use older data, data from previous versions of the policy?



Off-policy Policy Gradients with Importance Sampling

U(©) = E, ) [R(@)
= ) m(DR()



Off-policy Policy Gradients with Importance Sampling

U(©) = E, ) [R(@)
= ) m(DR()




Off-policy Policy Gradients with Importance Sampling

UO) =E, . [R(D)] V,U©0) <. Vo 7)(7) R(2)

= ), m(DR@) -l

i . (7)) Vo7y(7)

Q(T) 0014 41 (7) 7y, (7) o

= D 7, (® R(7) o

- 7y (T)

() Vg7y(7)
= [

— - EQ(T) R(7) ™0 014 ﬁ-edd(z') 775(7) k@)

(T
=L Vlog 7y(7)R(7)

T~y old ﬂﬁold( T)




Off-policy Policy Gradients with Importance Sampling

U(Q) — [ETNTL'Q(T) [R(T)] V@U(H) — [ETNJZ' V@”H(T) R(T)
Vol ﬂeold(T)
— Z 7y(7)R(7)
i (7)) Vo7y(7)
Q(T) — Trem ld T (T) 2z (T) ( )
= D 7,0 R(7) e
i T ld(T)
T 72'9(1') Vgﬂ'@(f)
= [E R
_ [ETNﬂe 7[9(7/-) R (T) T~ 14 ﬂeold(T) ﬂg(T) (T)
old ]Z'QOId(T)
779(7)
=FE,._. Vlog 7y(7)R(7)
Vol ﬂeold(T)

Gradient evaluated at 8 ,, is unchanged:

VoU(@0)|,_ o = o - Vglog zy(7) | ,_ o R(7)



Off-policy Policy Gradients with Importance Sampling

ﬂe(T)

ﬂeold g

V,U@0) = E

Vlog my(7)R(7)

™70 014

I T
PGOTL_ (1 150 a) - molals) (L s,
my(T) = p(SO)Hp(StH | s, a,) - my(a,|s,) |:{> 7o(®) — 072 =1 7] 0 _ H mo(ay | s,)

T
7,,7) P(sp) thlp(SHl s, ap) - 7, (ar|s) o 79,01 51)

T
7o(a | 5,) 2 Volog my(a, | s,) Z R(s, a)

’ =1 ﬂgold(af | Sf) =1

. q 7[0( | t)
_[ETNngole Vel()g”e(az|sr) H Z (Sr at)




Off-policy Policy Gradients with Importance Sampling

ﬂe(T)

ﬂeold g

L T
p(s )Ht— p(St |St’ at) " (atlst) ! 19t
ﬂe(T) = p(SO)Hp(StH | St at) | ”e(az | S;) E{> ) = ° =1 * 0 _ H mo(a, | s;)
=1

= - =
7,,7) P(sp) thlp(SHl s, ap) - 7, (ar|s) o 79,01 51)

VoUO) =E Vlog my(7)R(7)

™70 014

T
mo(a,| s,)

T T
Y Vologzy(ay|s) Y. Ris, a,)
=1 =1

T

~ T, S S °

Causal temporal structure?

t T
V,U(0) = [ETN%Z V,log ﬂg(at|st)<H |5 ) (Z R(s;, a»)

=1 t'=1 ﬂeold(at ' | Sf/)




Off-policy Policy Gradients with Importance Sampling

ﬂe(T)

ﬂgold g

I T
PGOTL_ (1 150 a) - molals) (L s,
my(T) = p(SO)Hp(StH | s, a,) - my(a,|s,) |:l|> 7o(®) — 072 =1 7] 0 _ H o(ay| s,)

T
7,,7) P(sp) thlp(SHl s, ap) - 7, (ar|s) o 79,01 51)

VoUO) =E Vlog my(7)R(7)

™70 014

T
7o(a | 5,) 2 Vlog my(a, |Sr)ZR(S a,)

’ =1 ﬂgold(af | Sf) =1

~ T, S S °

These terms can explode or vanish! Not very useful due to the
large variance they cause in the estimator.

V,U@0) = ole Vglogﬂg(OHSt)(li[ mo(ay | s, )(ZR(St,Cl, )

Causal temporal structure?

=1 t'=1 ﬂQOZd(al‘ |St)




Approximate Off-policy Policy Gradients with Importance
Sampling

U©) = E,_pye) [RO)

Let’s write the objective w.r.t. expectations for each time step using per-timestep state marginal

distributions:
T

T
U(e) = Z [E(Staat)Npe(Staat)R(St’ at) = Z [ESthe(St) [[EatNﬂe(atlst)R(St’ at)

We define the state marginal distribution as the probability that the policy visits state s:

1 T
pg(s) = [ES1~p0(s),a~7r(-|S),St+1~p(S|St,at)? Z l(St — S)

=1



Approximate Off-policy Policy Gradients with Importance
Sampling

U©) = E,_pye) [RO)

Let’s write the objective w.r.t. expectations for each time step using per-timestep state marginal

distributions:
T

T
U(e) = Z [E(Staat)Npe(Staat)R(St’ at) = Z [ESthe(St) [[EatNﬂe(atlst)R(St’ at)
=1 =1
Now let’s use importance sampling for state and action sampling:

pe(st) ﬂe(az | Sz)
[EatNﬂ'g (a,|s,) R(St, Clt)
p 901d(sl‘) e ﬂeold(at | 5t)

T
USO) = Y\ Eqp, (59

=1




Approximate Off-policy Policy Gradients with Importance
Sampling

U©) = E,_pye) [RO)

Let’s write the objective w.r.t. expectations for each time step using per-timestep state marginal

distributions:
T

T
U(e) = Z [E(Staat)Npe(Staat)R(St’ at) = Z [ESthe(St) [[EatNﬂe(atlst)R(St’ at)

Now let’s use importance sampling for state and action sampling:

E R(s,, a,)

T
USO) = Y\ Eyp, ()

=1

P Q(S t)
p eold(st )

at"“”eold(azl )

Do we know those quantities?



Approximate Off-policy Policy Gradients with Importance
Sampling

U©) = E,_pye) [RO)

Let’s write the objective w.r.t. expectations for each time step using per-timestep state marginal

distributions:
T

T
U(e) = Z [E(Staat)Npe(Staat)R(St’ at) = Z [ESthe(St) [[EatNﬂe(atlst)R(St’ at)

Now let’s use importance sampling for state and action sampling:

UIS(0) = i E, oy o o) | wlo) R(s.. a)
™ t ™~ t19¢ A4
“~ $¢~P0 14\ pe()ld(st) _ A~ 70,14\l _
. ] _
L IS p#s,) mo(a, | s,)
Approximation! u=©0)= ) k., Eirz, (als, R(s;, a,)
Z} Pl g, | N gy, (a5 _

IS \ 7o)
U (9) ~ 2 [EStheold(St) [Eat"’”eold(atlst) R(St’ at)
=1

ﬂeold(at )




Approximate Off-policy Policy Gradients with Importance
Sampling

U©) = E,_pye) [RO)

Let’s write the objective w.r.t. expectations for each time step using per-timestep state marginal

distributions:
T

T
U(e) = Z [E(Staat)Npe(Staat)R(St’ at) = Z [ESthe(St) [[EatNﬂe(atlst)R(St’ at)

=1 =1

Now let’s use importance sampling for state and action sampling:

U (0) = i E Pe(s) | e -
p— SzNPGOZd(St) p@old(st) _ atNﬂeold(atlsf) Ay _
T i —
ApprOXImatlon! v (9) - E ™ t ™ t15¢ R( t° at)
; Si~P6,14(St) peOld( 5,) _ ar~my , (als;) 7y @]s) |

Do you know how to optimize this objective?

T
a
USO) ~ Y Eyr oy | Ea Resp @)
; 5Pooid() [Tyl sy ﬂeazd(at) "




Approximate Off-policy Policy Gradients with Importance
Sampling

U©) = E,_pye) [RO)

Let’s write the objective w.r.t. expectations for each time step using per-timestep state marginal

distributions:
T

T
U(e) = Z [E(Staat)Npe(Staat)R(St’ at) = Z [ESthe(St) [[EatNﬂe(atlst)R(St’ at)

Now let’s use importance sampling for state and action sampling:

U (0) = i E Pe(s) | e -
~ SzNPQOZd(St)pQOZd(St) _ atngold(atlSt) A _
T i —
ApprOXImatlon! v (9) - E ™ t ™ t15¢ R(Sta at)
; Si~P6,14(St) peOld( 5,) _ ar~my , (als;) 7y @]s) |

Do you know how to optimize this objective? Yes, we will sample trajectories from r,,, and use

likelihood ratio estimator. mg(a,|s,)

T
UB6) ~ E. E _ R(s,a,)
; $Pag(50) | ATy () g (| s;) o




Approximate Off-policy Policy Gradients with Importance
Sampling

Do you know how to optimize this objective? Yes, we will sample trajectories from x ,, and use
likelihood ratio estimator.

T
U50)= ) FE. _ E R(s,a,)
z=z1 5 Pooid() [Tyl sy g (] s) o

~TS my(a,ls,) L
VoUS0) =E,.,, Y | Vologmals) Y R(s,.a)
Potd g (a|s;)

=1 old~ 1171 t'=t

Compare to the exact IS gradient:

4

JZ'Q(CII/|SI/) I
V,U@@) =E V,lo a,ls R(s,, a,
w0 =5 3 | Saoesateo [T4200) (S




