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Optimal Control (Open Loop)

The optimal control problem:

T

min Z c(X,,u,)

e =0
S.t. XO — XO
X, =f/x,u) =0, ..,7T-1



Optimal Control (Open Loop)

The optimal control problem:

T

min Z c(X,,u,)
=0

S.t.XO — XO
X, =f/x,u) =0, ..,7T-1

Solution: Sequence of controls 1 and resulting state sequence x.

In general non-convex optimization problem, can be solved with
sequential convex programming (SCP): https://stanford.edu/class/
ee364b/lectures/seq_slides.pdf



https://stanford.edu/class/ee364b/lectures/seq_slides.pdf
https://stanford.edu/class/ee364b/lectures/seq_slides.pdf

Model Predictive Control

Given: X
For t=0,1,2,...,T

e Solve T

min Z Ci(Xp, uy)

X,u
k=t

S.t. Xk+1 =f(Xk, llk) Vk < {t,t+ 1,...,T— 1}
X, =X,

e Execute u,

o Observe resulting state X, ;

e I|nitialize with solution from ¢ — | to solve fast attime ¢



Shooting methods vs collocation methods

Collocation Method: optimize over actions and states, with constraints

T
min 2 cx,u) s.t.x =f(x,_,u,_;)

ug,...,0nXq,...,.Xg 1

Diagram: Sergey Levine



Shooting methods vs collocation methods

Shooting Method: optimize over actions only

min c(X;, ;) + c(f(X,u), W) + ... + c(F(f...)...), up)

u,...,Uy

Indeed, x are not necessary since every u results (following the dynamics) in
a state sequence x, for which in turn the cost can be computed

 Not clear how to initialize in a way that the resulting state is close to a

goal state
Diagram: Sergey Levine



Linear Dynamics and Quadratic Costs (LQR)

* Very special case: Optimal Control for Linear Dynamic Systems and
Quadratic Cost (a.k.a. LQ setting)

e Can solve continuous state-space optimal control problem exactly

e Runningtime: O(Tn3)

T
min Z c(X,u,)
u
=0
S.t. XO — XO

X, =fx,u) t=0,..,7T-1

X[ 1 _Xt_ d _Xt_ _Xt_ d
f(Xp llt) — F; +ft C(Xt, llt) = E u, Ct + C,

linear quadratic



Linear Dynamics and Quadratic Costs (LQR)

* Very special case: Optimal Control for Linear Dynamic Systems and
Quadratic Cost (a.k.a. LQ setting)

e Can solve continuous state-space optimal control problem exactly

e Runningtime: O(Tn3)

min c(X;,uy) + c(f(X,uy), ) + ... +c(f(f(...)...),up)

u,..., Uy / \

x k17 1x1 [x17

_ t X, X; X;
f(Xta ut) — Ft u, +]L; C(Xt, llt) — 5 Ct + C,

U,

linear quadratic



Linear dynamics: Newtonian Dynamics

o X, | =X + Atx, + At*F,
\ 2

® Viy1 =Y+ ALY, + Ar°F,

¢ )'CH_I =xt+AtFx

® Vi1 =Y+ ALE



What is the state x?

In most robotic tasks, state includes:
e Robot: position and velocities of the robotic joints

e Object: position and velocity of the object being manipulated

Those are both known: the robot knows its state and we perceive the state of
the objects in the world.

In tasks where we do not even want to bother with object state, we just

concatenate the robot’s state across multiple time steps to implicitly infer the
interaction (collision with the object)



What is the cost

o c(x,u) = |lx, — x| + pllull

x* is the target state

e |nthe final time step, you can add a term with higher weight:
Final cost:  c(xp, up) = 2(||lxp — x*[| + pllugl)

e For object manipulation, x* includes not only desired pose of the
end effector but also desired pose of the objects



Linear Quadratic Regulator (LQR)

min c(X;,uy) + c(f(X,uy),wy) + ... + c(f(f(...)...),up)

ug,...,Up

17T T
1 [X, C X, X,
c(X,u,) = — u| Gy, + u, C,
X
fx,u,) =F, u, + 1,

Definitions:

O(x,, u,): optimal cost-to-go at state X, as a function of u, assuming we act
optimally past step t

V(x,) = min O(x,,u,)

4

V(X,): optimal cost-to-go from state X,

X, the initial state, known and given



Linear Quadratic Regulator (LQR)

min c(X;,uy) + c(f(X,uy),wy) + ... + c(f(f(...)...),up)

ug,...,Uy
17T T
1 [X, C X, X,
c(X,u,) = — u| “ |y, + u, C,
X
fx,u,) =F, u, + 1,

Value iteration: backward propagation!

Start from u and work backwards



Linear Quadratic Regulator (LQR)

min c(X;,uy) + c(f(x,up),w,) + ... +c(f(f(...)...),uy)

ug,..., Uy
1 'Xt_TC X, x|’
c(x,,u,) =7 |u| © |y, + u, C,
X
Jx,u) =F [ | +1,
L t_
Value iteration: backward propagation!
Start from 1 and work backwards
B ¢ 1 XT-TC X x,]"
OXy,up) = CONS +5 u,| C7lu, + u, Cr

\_—\/~J

only term that
Depends on uy

Cost matrices

for the last time step:

C CXT’XT CXT’uT
'~ c Cy .,

U7, Xr



Linear Quadratic Regulator (LQR)

min c(X;,uy) + c(f(x,up),w,) + ... +c(f(f(...)...),uy)

ug,...,ur
1 [x,] r X T —
c(X,u,) =— N c |7 + X C only term that
A L R L ul Depends on Uy
=F X f Cost matrices
f(Xt’ ut) — u, T 1,
for the last time step:
C CXTaxT CXT’uT
T T T CuT’XT CuT’uT
1 XT XT XT c

Set derivative to zero (since we have a quadratic) to find
minimizer u;:

_ T _
Vo, OXpup) = CuT,XTxT + CuT,uTuT +¢,, =0



Linear Quadratic Regulator (LQR)

min c(X;,uy) + c(f(x,up),w,) + ... +c(f(f(...)...),uy)
u,...,Ur

— - T T
c(x,u,) = l X C Xi 4+ X C only term that
A L R L ul Depends on Uy
=F X f Cost matrices
f(Xt’ ut) — u, T 1,
for the last time step:
C CXTaxT CXT’uT
T T T CuT’XT CuT’uT
1 XT XT XT c

Set derivative to zero (since we have a quadratic) to find
minimizer u;:

_ T _
Vo, OXpup) = CuT,XTxT + CuT,uTuT +¢,, =0

— -1
Ur = C“T’“T(C“T’XTXT t C“T) K;=-C, 1u Cu,x
YT T-2T
ur = Kexp + ky k. —— C-!
T — LU g | P



Linear Quadratic Regulator (LQR)

Remember: V(x,) = min Q(x,,u,)

U,

Substituting the minimizer uyinto Q(X, uy) gives us V(x;)!



Linear Quadratic Regulator (LQR)

Remember: V(x,) = min Q(x,,u,)

U,

Substituting the minimizer uyinto Q(X, uy) gives us V(x;)!

T . T
1 |x7 X7 X7 _
_ u- =K x,+Kk
OXy,up) = const + > “T] C, [“T + u, Cr T TAT T
Xr SR . ¥ Xr !
V(x;) = const + — C, + Cr
2 | Kx+ K, _KTXT + K, K x+ Kk,




Linear Quadratic Regulator (LQR)

Remember: V(x,) = min Q(x,,u,)

U,

Substituting the minimizer uyinto Q(X, uy) gives us V(x;)!

1
QX ,up) = const + —
Xr
V(x;) = const + — K, x, +k;
1. 1!
2 T

T

x. 17 X |
T
C,
Uy uT

Cr

T
X7 _
ur = Kx+ K,
+ u, Cr
X7 X7 !
+ C
Krxr + Kk Kx,+ k| 1

1 1
- Cy o, KrX, + 2X§KTCH X7+ 2XTKTCu o KXo+

1
x;kiC, , Kr+ EXTCX oK +x7¢, +x7K7e, + const



Linear Quadratic Regulator (LQR)

Remember: V(x,) = min Q(x,,u,)

U,

Substituting the minimizer uyinto Q(X, uy) gives us V(x;)!

T : T
L %7 Xp[ | [Xr ur = Kx,+k
QX ,up) = const + — UT] C; [“T + u, Cr T 2T T BT
‘ Xr d C - X7 XT !
Vi) =const+ Sk x k| O [Koxp+ | | Kox, + k| €7
1. 17 1 s I
V(xy) = EXTC X7+ 2TC u, KX, + 2XTK Cy, x X7+ 2XTK Cy,u KrXr+

1
x;kiC, , Kr+ EXTCX oK +x7¢, +x7K7e, + const

— T T
VT - CXT,XT + CxT,uTKT + KTCuT,xT + KTCuT,uTKT

V(x;) = const + EX%VTXT + X1V . ’
VT — CXT -+ CXT,llTkT -+ KTCUT + K CllT,llTkT



Linear Quadratic Regulator (LQR)

Remember: V(x,) = min Q(x,,u,)

U,

Substituting the minimizer uyinto Q(X, uy) gives us V(x;)!

T . T
1 |x7 X7 X7 _
— _ u; = Koxp + Ky
OXy,up) = const + “T] C,r [“T + u, Cr
v t e [ X 1
X) = const + —
(X7) T K k| T Kpxp kG| T Kpxp 4+ k| T

1 1! 1 1
V(x7) = EX;C X1+ Cy o, KrX, + 2X;KTCu X7+ 2XTKTCu o KXo+
T

|
x;kiC, , Ky + ExTCX o X7 +x7¢, +x7K7e, + const

V(x;) = const + EX;VTXT + X1V

T
+ K7C, o Ky

— T T
Vp=¢y + CXT’uTkT + KTCuT + K CuT,uTkT



Linear Quadratic Regulator (LQR)

We propagate the optimal value function backwards

1

QX7_q,up_) = const + —

T
X711 C X711 X711
2 U = lagr

T
+ uT—l] Cr_ + V(fXr_,up_y))




Linear Quadratic Regulator (LQR)

We propagate the optimal value function backwards

1 |x

_ X7 X7
OXy_j,up_y) = const + — ! 1] Cr_; [ =l =l

T
;. 1] cr_1 + V(f(Xr_, ur_y))
N—— ——

T

1
V(x;) = const + EX;VTXT + X1,

2 U




Linear Quadratic Regulator (LQR)

We propagate the optimal value function backwards

1 |x

_ X7 X7
OXy_j,up_y) = const + — ! 1] Cr_; [ =l =l

T
;. 1] cr_1 + V(f(Xr_, ur_y))
N—— ——

T

1
V(x;) = const + EX;VTXT + X1,

2 U




Linear Quadratic Regulator (LQR)

We propagate the optimal value function backwards

1

QXy_q,up_) = const + —

T
X7_1 C X7_1 X7_1
2 U7 =1 lar_,

T
+ uT_J cr_ + V(f(Xy_i,upy))

\—RfﬁJ
T

1
V(x;) = const + EX;VTXT + X1,

We can eliminate X+ by writing only in terms of quantities of T-1!



Linear Quadratic Regulator (LQR)

We propagate the optimal value function backwards

1

QXy_q,up_) = const + —

T
X7_1 C X7_1 X7_1
2 U7 =1 lar_,

T
+ uT_J cr_ + V(f(Xy_i,upy))

\—RfﬁJ
T

1
V(x;) = const + EX;VTXT + X1,

We can eliminate X+ by writing only in terms of quantities of T-1!

X711

+ £
Ur-1 !

JXr_pur) =xp=Fp




Linear Quadratic Regulator (LQR)

We propagate the optimal value function backwards

1
QXy_q,up_) = const + —

We can eliminate X, by writing on

v —F X7_|

J&r_pur ) =Xy =Fp u;_
1 X711 ! T _ _

V(x;) = const + > |ur, F; ViF;

T
X7_1 C X7_1
2 U7 =1 lar_,

X7_1

T
+ uT_J cr_ + V(f(Xy_i,upy))

\—RfﬁJ
T

1
V(x;) = const + EX;VTXT + X1,

y in terms of quantities of T-1!

quadratic

linear



Linear Quadratic Regulator (LQR)

We propagate the optimal value function backwards

1

QXy_q,up_) = const + —

T
X7_1 C X7_1 X7_1
2 U7 =1 lar_,

T
+ uT_J cr_ + V(f(Xy_i,upy))

\—RfﬁJ
T

1
V(x;) = const + EX;VTXT + X1,

We can eliminate X+ by writing only in terms of quantities of T-1!

=x.=F Xr-1 f
J&r_pur ) =Xy =Fp u,_, | Tl
I |x ! _ Ix X ! X IT
V(XT)_const+2 “T—1] F; V¥, [UT-1 + uT—l] | - R “Tl] Ko vr
quadratic linear linear

We have written V(x;) only in terms of X, u;_;!



Linear Quadratic Regulator (LQR)

We propagate the optimal value function backwards

X7_1

T
+ uT_J cr_ + V(f(Xy_i,upy))

QXy_q,up_) = const + —

1

T
X711 X711
Xr_1,Ur_1) = CONSt + — _
OXr_,Ur_y) ) uT—l] Qr_, [uT—l

Qr 1 =Cp + F;_1VTFT—1

T T
Ar_; = ¢+ F_ Vot + Fp_ vy




Linear Quadratic Regulator (LQR)

We propagate the optimal value function backwards

1 x; |
Q(x_y, uy_y) = const +— | 7 + u;_i] cr_y + V(f(Xy_p, 7))
O(x )—c:onst+l Rl STl ;
r-1>Ur-1) = L u, qr-;

Qr 1 =Cp + F;_1VTFT—1

dr— = ¢ + Fr_ Vol + Fr vy
We have written optimal action value function Q(X;_;, uy_;) only in terms of

X711 U1



Linear Quadratic Regulator (LQR)

We propagate the optimal value function backwards

1 x; |
Q(x_y, uy_y) = const +— | 7 + u;_i] cr_y + V(f(Xy_p, 7))
O(x )—c:onst+l Rl STl ;
r-1>Ur-1) = L u, qr-;

Qr_=Cr +F;_ Vi Fr,
dr— = ¢ + Fr_ Vol + Fr vy
We have written optimal action value function Q(X;_;, uy_;) only in terms of

X1, Ur_1-
Let’s take derivative to find the minimizing u;_;.



Linear Quadratic Regulator (LQR)

We propagate the optimal value function backwards

1 x; |
Q(x_y, uy_y) = const +— | 7 + u;_i] cr_y + V(f(Xy_p, 7))
O(x )—c:onst+l Rl STl ;
r-1>Ur-1) = L u, qr-;

Qr 1 =Cp + F;_1VTFT—1

dr— = ¢ + Fr_ Vol + Fr vy
We have written optimal action value function Q(X;_;, uy_;) only in terms of

X1, Ur_1-
Let’s take derivative to find the minimizing u;_;.

_ r _
VuT_lQ(XT—l’ uT—l) — QuT_l,XT_le—l + QuT_l,uT_luT—l + quT_l =0

_ _ ~1 _ ~1
ur = KX + Ky Ky =- uT_l,uT_lQuT_l,XT_l Kr_ = — _ou Yu,



Linear case: LQR

Backward recursion:

fort=Tto1:
Q=C+ FtTVt+1Ft
q=c¢+F'V_[f+F'v+1
T
q;

X;
u,

X;
u,

T
Qi lul +

B ¢ 1 X,
Q(x,,u,) = cons +5 u,

u, < argmin O(x,,u,) = Kx, + Kk,
ul‘

K, =- Q;:thu,,xt

k, = - Ql_l:u[qu,

V, = th,xt + th,u,Kt + KIT Qu,,xt + KzT Qut,uth
V,=4qx t+ Qx,,utkt + KtT Qut + KtT Qut,u,kt

L7 T
V(x,) = const + EXI VX +X,V,

Diagram: Sergey Levine



Linear case: LQR

Backward recursion:

fort=Tto1:
Q=C+ FtTVt+1Ft
q=c¢+F'V_[f+F'v+1
T
q,

I [x; ! X,
Q(x,,u,) = const + — Q, u,

+
2 Y

X;
u,

u, < argmin O(x,,u,) = Kx, + Kk,
ul‘

K, =- Q;:thu,,xt

k, = - Ql_l:ll[qut

V, = th,xt + th,uth + KIT Qu,,xt + KzT Qut,uth
V,=4qx t+ Qx,,utkt + KtT Qut + KtT Qu,,u,kt

L7 T
V(x,) = const + Ext VX +X,V,

We know x,,

Forward recursion:

forr=1toT:
u =Kx + Kk,

X1 = f (Xt’ ut)



Non-linear case: Use iterative approximations

First order Taylor expansion for the dynamics around a trajectory ,,4,,t = 1...T :

X — X
Fw) SRy 0) + Vi o [ ﬁ»[ ]

Second order Taylor expansion for the cost around a trajectory %, i, = 1...T :

AZ] Xtutc(x ut)[ ]

c(x,u,) ~ (X, 1) + Vy (X, ut)[

ll—ll



Non-linear case: Use iterative approximations

First order Taylor expansion for the dynamics around a trajectory ,,4,,t = 1...T :

X, — X,
JX,u,) = f(X, At)+VXtutf(fZ ﬁt)[ ﬁ]

Z

Second order Taylor expansion for the cost around a trajectory %, i4,t = 1...T :

. A X, — X, X, — X,
c(x,u,) = c(X,u) + V, , (X, ut) Vi, utc(x ut)




Non-linear case:Use iterative approximations!

First order Taylor expansion for the dynamics around a trajectory ,,4,,t = 1...T :

A o X —X
fx,u,) = f(X,u,) + th u, fx; ut)[ ]
Second order Taylor expansion for the cost around a trajectory %, i4,t = 1...T :

. A X, — X, X, — X,
c(x,u,) = c(X,u) + V, , (X, ut) Vi, utc(x ut)

S (5%, Su) 1 [ox, TC ox ] [ox]"
7 _ t c(ox,,ou,) = — + C
th,utf (ﬁt’ ﬁt) V)Z(t utC(Xp ﬁt) th,utc(ﬁt’ ﬁt)

O0X, = X, — X,

ou, =u, =, Now we can run LQR with dynamics f, cost ¢, state X, and action du,



Iterative LQR (i-LQR)

Initialization: Given X, pick a random control sequence U,y. ..Uy and obtain
corresponding state sequence X... X7

until convergence:
F, = Vy o /X, 0)Vt
¢ = th,u,

C,=V2 ci&,0,)Vt

XUy

c(X, )Vt

Run LQR backward pass on state X, = X, — X, and action éu, = u, — u, V't
Run forward pass with real nonlinear dynamics and u, = u, + K(x, — X;) + Kk, V1

Update X, and U, based on states and actions in forward pass V¢



Iterative LQR (i-LQR)

Initialization: Given X, pick a random control sequence u,...u;and obtain
corresponding state sequence X,,...Xy

<~ until convergence: Linear approximation around Z, u

Find Au,,t = 1...Tsothat

u, + Au, minimizes the linear
C,=V; ,cX,0)V1 approximation

F, =V, ,f&, )V

¢, =V, cX,0,)Vt

XUy

Forward recursion:

forr=1toT:
u =Kx +Kk,
X, =f(X,u,)

GototheX' =X+ Ax,and i’ = @i + Au,



Differential Dynamic Programming

Second order approximation for the dynamics:
o o |ox 1 o OX, OX,
f(Xta ut) ~ f(Xta ut) + th,utf(xta ut) _5ut 2 Xt utf(Xta ut) 5“

Reference: Jacobson and Mayne, “Differential dynamic programming”, 1970



Closed Loop Vs Open Loop

e Sofar we have been planning (e.g. 100 steps) and then we close our eyes and
hope our modeling was accurate enough..

e At convergence of iLQR and DDP, we end up with linearization around the
(state, input) trajectory the algorithm converged to.

e |n practice: the system could not be on this trajectory due to perturbations /
initial state being off / dynamics model being inaccurate

e Can we handle such noise better?



Model Predictive Control

e Yes, If we close the loop.

e Solution: at time t when asked to generate control input u,, we could re-solve
the control problem using iLQR or DDP over the time steps t through T

every time step:

observe the state X,
+T

use iLQR to plan u,, ..., Wy to minimize Z c(X,,u,)

t'=t
execute action u,, discard i, y, ..., U ¢

e Re-planning entire trajectory is often impractical -> in practice: replay over
horizon H (receding horizon control)



I-LQR: When it works

Cost: [|lx, — x*|]

X

E\/ Direction for minimizing the cost

W,

Lt

P



I-LQR: When it doesn’t work

Cost: [|lx, — x*|]

P

Due to discontinuities of contact, the local search can fail.

As a solution we often initialize using a human demonstration instead of
randomly

Learning Dexterous manipulation Policies from Experience and Imitation, Kumar, Gupta, Todorov, Levine 2016



Learning linear dynamics from experience

‘, w} . fix,u) ~ Ax +Bu
\ ¥
B £ d d
' ; . A=Y g4
‘ dx, du,

reference trajectory )Ct, tat =1,....7T

learn time varying linear dynamics: A, B /</




Learning linear dynamics from experience

fix,u) ~ Ax +Bu

_ Y g4

A —
" dx, " du,

|

| _ \,:;
A

reference trajectory )lét, ﬁt, t=1,....T
learn time varying linear dynamics: A, B, /</

0o T

How do | get the data to fit my linear dynamics at each time step?

We execute the controller u, at state X, to explore how the world
works in the vicinity of the reference trajectory!



Learning Time varying linear dynamics

e \We need a stochastic controller! Why?



Learning Time varying linear dynamics

e \We need a stochastic controller! Why?

e Hereis agood guess: add some noise to the output of iLQR:

pu|x) =S KEx-X)+k +0,%)



Learning Time varying linear dynamics

e We need a stochastic controller to colect data to learn linear dynamic models.
How shall we collect this data?

e Hereis agood guess: add some noise to the output of iLQR:

pu|x)=N/KX-X)+k +10,X)

e Itturnsoutthatsetting 2, = Q_1 solves the following

U, U,

maximum entropy control problem:

T
min Z E(Xtauz)"’p(xt,ut) [C(Xt’ ut) - H(p (ut | Xt))]

=1

e Remember, cost to go:

1 |x

O(x,,u,) = const +— | '

e The above control

17

2 ut_

X;

Q

+

X;
u,

er strikes t

ut_

1T

q,

ne right balance between

minimizing the cost and maximize exploration

Guided Policy Search, Levine and Koltun 2013



Fitting Dynamics using Linear regression

X1 =AX,+Bu, + D,

Use linear regression at each time step t to fit to samples {(x,, u,, X, |);}

NNI

fx,u) = |A, B | ‘| +D,




ILQR with learnt dynamics

We iteratively fit dynamics and update the policy. Why such iteration is
important?

So that the space (state, actions) our dynamics are estimated from is similar to
the one our policy visits.

e I
run p(u|x;)
on robot,
collect D = 1{1;
\ { } J
PX X)) = N(f(x,10,),2)

next :
f(x,u) ~ Ax, + B, [ iteration fit dynamics : \
P(Xep1|xe,ue) =
df df -
dx, du, \ ‘

/\
L IMPIove | g 5 I\
L p(u|x) ggﬁ;f




Synthesis and stabilization of complex
behaviors with online trajectory optimization

Yuval Tassa, Tom Erez and Emo Todorov

Movement Control Laboratory
University of Washington

IROS 2012



Distilling ILQR controllers to policies

E‘Tﬂ? 1:, ............ &T;;’
S | § oo 5
0= {1 —. | 2R g
trajectory-centric RL supervised learning

\ e modified cost to keep mqr.i close to mp

/

1. optimize each local policy 7,qr.i(u:|X¢) on initial state xg ; w.r.t. ¢ ;(x¢, ug)
2. use samples from step (1) to train mg(us|X¢) to mimic each mpqQr.i(ue|x;)

3. update cost function ¢y (X 0p) = e(Xp,uy) + Apoqi log mo(ug 1 x;)

End-to-End Training of Deep Visuomotor Policies, Levine et al.



