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Value-Based and Policy-Based RL 

• Value Based 

• Learned Value Function  

• Implicit policy (e.g. ε-greedy) 

• Policy Based 

• No Value Function  

• Learned Policy 

• Actor-Critic  

• Learned Value Function 

• Learned Policy 

We have covered those

this lecture



Policy Optimization 

    
0. Initialize policy parameters θ
1. Sample trajectories {τi = {si

t , ai
t}T

t=0} by deploying the current policy πθ(at |st) .
2. Compute gradient vector ∇θU(θ)
3. θ ← θ + α∇θU(θ)

• Policy based reinforcement learning is an optimization problem: Find  

that maximizes  

θ
U(θ)

• Let  be any policy objective function U(θ)

• General alternatives: gradient free optimization 

• Hill climbing 

• Genetic algorithms. We have seen this! Today we will learn different 
policy gradient estimators.  



Policy Optimization 

• Advantages over value based methods: 

• Effective in high-dimensional or continuous action spaces  

• Can learn stochastic policies

    
0. Initialize policy parameters θ
1. Sample trajectories {τi = {si

t , ai
t}T

t=0} by deploying the current policy πθ(at |st) .
2. Compute gradient vector ∇θU(θ)
3. θ ← θ + α∇θU(θ)



Policy Gradient 

• Let U(θ) be any policy objective function 

• Policy gradient algorithms search for a local 
maximum in U(θ) by ascending the gradient of the 
policy, w.r.t. parameters θ 

Δθ = α∇θU(θ)
θnew = θold + Δθ

α is a step-size 
parameter (learning rate) 

is the policy gradient 

∇θU(θ)

∂U(θ)
∂θ1

∂U(θ)
∂θn

Policy gradient: the gradient of the policy objective w.r.t. the parameters of the policy



Policy functions

deterministic continuous policy

a = ⇡✓(s)
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FA for stochastic multimodal 
continuous policies is an active area 
of research
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Trajectory  is a state action sequence  

 

 

 

 

τ s0, a0, s1, a1, . . . sH, aH

Trajectory reward:  R(τ) =
H

∑
t=0

R(st, at)

A reasonable policy objective then is: 

max
θ

. U(θ) = 𝔼τ∼P(τ;θ)[R(τ)] = ∑
τ

P(τ; θ)R(τ)

Probability of a trajectory: P(τ; θ) =
H

∏
t=0

P(st+1 |st, at)

dynamics

⋅ πθ(at |st)

policy

Our problem is to compute ∇θU(θ) = ∇θ𝔼τ∼P(τ;θ)[R(τ)]

Our problem is to compute∇θU(θ) = ∇θ𝔼τ∼P(τ;θ)[R(τ)]

Policy objective



 

Computing derivatives of expectations w.r.t. variables that parametrize the 
distribution, not the quantity inside the expectation  

 

Assumptions: 

• P is a probability density function that is continuous and differentiable 

• P is easy to sample from

U(θ) = 𝔼τ∼P(τ;θ)[R(τ)]

max
θ

. 𝔼x∼P(x;θ) f(x)

Our problem is to compute∇θU(θ) = ∇θ𝔼τ∼P(τ;θ)[R(τ)]

Policy objective



Derivatives of expectations 

∇θ𝔼x f(x) = ∇θ𝔼x∼Pθ(x) [f(x)]



Derivatives of expectations 

∇θ𝔼x f(x) = ∇θ𝔼x∼Pθ(x) [f(x)]
= ∇θ ∑

x

Pθ(x)f(x)



Derivatives of expectations 

Why?

∇θ𝔼x f(x) = ∇θ𝔼x∼Pθ(x) [f(x)]
= ∇θ ∑

x

Pθ(x)f(x)

= ∑
x

∇θPθ(x)f(x)



Derivatives of expectations 

What is the problem here?

∇θ𝔼x f(x) = ∇θ𝔼x∼Pθ(x) [f(x)]
= ∇θ ∑

x

Pθ(x)f(x)

= ∑
x

∇θPθ(x)f(x)



Derivatives of expectations 

∇θ𝔼x f(x) = ∇θ𝔼x∼Pθ(x) [f(x)]
= ∇θ ∑

x

Pθ(x)f(x)

= ∑
x

∇θPθ(x)f(x)

= ∑
x

Pθ(x)
∇θPθ(x)

Pθ(x)
f(x)



Derivatives of expectations 

∇θ𝔼x f(x) = ∇θ𝔼x∼Pθ(x) [f(x)]
= ∇θ ∑

x

Pθ(x)f(x)

= ∑
x

∇θPθ(x)f(x)

= ∑
x

Pθ(x)
∇θPθ(x)

Pθ(x)
f(x)

= ∑
x

Pθ(x)∇θlog Pθ(x)f(x)



What have we achieved?

Derivatives of expectations 

∇θ𝔼x f(x) = ∇θ𝔼x∼Pθ(x) [f(x)]
= ∇θ ∑

x

Pθ(x)f(x)

= ∑
x

∇θPθ(x)f(x)

= ∑
x

Pθ(x)
∇θPθ(x)

Pθ(x)
f(x)

= ∑
x

Pθ(x)∇θlog Pθ(x)f(x)

= 𝔼x∼Pθ(x) [∇θlog Pθ(x)f(x)]



I can obtain an unbiased 
estimator for the 

gradient  by 
sampling! 

From the law of large 
numbers, it will converge 
to the right gradient with 
infinite number of 
samples

∇θ𝔼x f(x)

Derivatives of expectations 

∇θ𝔼x f(x) = ∇θ𝔼x∼Pθ(x) [f(x)]
= ∇θ ∑

x

Pθ(x)f(x)

= ∑
x

∇θPθ(x)f(x)

= ∑
x

Pθ(x)
∇θPθ(x)

Pθ(x)
f(x)

= ∑
x

Pθ(x)∇θlog Pθ(x)f(x)

= 𝔼x∼Pθ(x) [∇θlog Pθ(x)f(x)]



I can obtain an unbiased 
estimator for the 

gradient  by 
sampling! 

From the law of large 
numbers, it will converge 
to the right gradient with 
infinite number of 
samples

∇θ𝔼x f(x)

Derivatives of expectations 

∇θ𝔼x f(x) = ∇θ𝔼x∼Pθ(x) [f(x)]
= ∇θ ∑

x

Pθ(x)f(x)

= ∑
x

∇θPθ(x)f(x)

= ∑
x

Pθ(x)
∇θPθ(x)

Pθ(x)
f(x)

= ∑
x

Pθ(x)∇θlog Pθ(x)f(x)

= 𝔼x∼Pθ(x) [∇θlog Pθ(x)f(x)]
≈

1
N

N

∑
i=1

∇θlog Pθ(x(i))f(x(i))



max
θ

. U(θ) = 𝔼τ∼Pθ(τ) [R(τ)]

Derivatives of the policy objective 



max
θ

. U(θ) = 𝔼τ∼Pθ(τ) [R(τ)]

∇θU(θ) = ∇θ𝔼τ∼Pθ(τ) [R(τ)]
= ∇θ ∑

τ

Pθ(τ)R(τ)

= ∑
τ

∇θ Pθ(τ)R(τ)

Derivatives of the policy objective 



max
θ

. U(θ) = 𝔼τ∼Pθ(τ) [R(τ)]

∇θU(θ) = ∇θ𝔼τ∼Pθ(τ) [R(τ)]
= ∇θ ∑

τ

Pθ(τ)R(τ)

= ∑
τ

∇θ Pθ(τ)R(τ)

Derivatives of the policy objective 



∇θ P(τ(i); θ) = ∇θ

T

∏
t=0

P(s(i)
t+1 |s(i)

t , a(i)
t )

dynamics

⋅ πθ(a(i)
t |s(i)

t )

policy

=
T

∏
t=0

P(s(i)
t+1 |s(i)

t , a(i)
t )

dynamics

⋅ ∇θπθ(a(i)
t |s(i)

t )

policy

∇θU(θ) ≈
1
N

N

∑
i=1

∇θ log Pθ(τ(i))R(τ(i)) ∇θU(θ) ≈
1
N

N

∑
i=1

T

∑
t=1

∇θ log πθ(α(i)
t |s(i)

t )R(τ(i))



∇θ P(τ(i); θ) = ∇θ

T

∏
t=0

P(s(i)
t+1 |s(i)

t , a(i)
t )

dynamics

⋅ πθ(a(i)
t |s(i)

t )

policy

=
T

∏
t=0

P(s(i)
t+1 |s(i)

t , a(i)
t )

dynamics

⋅ ∇θ

T

∏
t=0

πθ(a(i)
t |s(i)

t )

policy

= const. ⋅ ∇θ[
T

∏
t=0

πθ(a(i)
t |s(i)

t )]



max
θ

. U(θ) = 𝔼τ∼Pθ(τ) [R(τ)]

∇θU(θ) = ∇θ𝔼τ∼Pθ(τ) [R(τ)]
= ∇θ ∑

τ

Pθ(τ)R(τ)

= ∑
τ

∇θ Pθ(τ)R(τ)

Derivatives of the policy objective 



max
θ

. U(θ) = 𝔼τ∼Pθ(τ) [R(τ)]

∇θU(θ) = ∇θ𝔼τ∼Pθ(τ) [R(τ)]
= ∇θ ∑

τ

Pθ(τ)R(τ)

= ∑
τ

∇θ Pθ(τ)R(τ)

= ∑
τ

Pθ(τ)
∇θ Pθ(τ)

Pθ(τ)
R(τ)

= ∑
τ

Pθ(τ)∇θ log Pθ(τ)R(τ)

= 𝔼τ∼Pθ(τ) [∇θ log Pθ(τ)R(τ)]

Derivatives of the policy objective 



max
θ

. U(θ) = 𝔼τ∼Pθ(τ) [R(τ)]

∇θU(θ) = ∇θ𝔼τ∼Pθ(τ) [R(τ)]
= ∇θ ∑

τ

Pθ(τ)R(τ)

= ∑
τ

∇θ Pθ(τ)R(τ)

= ∑
τ

Pθ(τ)
∇μPθ(τ)

Pθ(τ)
R(τ)

= ∑
τ

Pθ(τ)∇θ log Pθ(τ)R(τ)

= 𝔼τ∼Pθ(τ) [∇θ log Pθ(τ)R(τ)]

∇θU(θ) ≈
1
N

N

∑
i=1

∇θ log Pθ(τ(i))R(τ(i))

Approximate the gradient with empirical estimate from N sampled 
trajectories:

Derivatives of the policy objective 



max
θ

. U(θ) = 𝔼τ∼Pθ(τ) [R(τ)]

∇θU(θ) = ∇θ𝔼τ∼Pθ(τ) [R(τ)]
= ∇θ ∑

τ

Pθ(τ)R(τ)

= ∑
τ

∇θ Pθ(τ)R(τ)

= ∑
τ

Pθ(τ)
∇μPθ(τ)

Pθ(τ)
R(τ)

= ∑
τ

Pθ(τ)∇θ log Pθ(τ)R(τ)

= 𝔼τ∼Pθ(τ) [∇θ log Pθ(τ)R(τ)]

∇θU(θ) ≈
1
N

N

∑
i=1

∇θ log Pθ(τ(i))R(τ(i))

Approximate the gradient with empirical estimate from N sampled 
trajectories:

Derivatives of the policy objective 



∇θ log P(τ(i); θ) = ∇θ log
T

∏
t=0

P(s(i)
t+1 |s(i)

t , a(i)
t )

dynamics

⋅ πθ(a(i)
t |s(i)

t )

policy

= ∇θ

T

∑
t=0

log P(s(i)
t+1 |s(i)

t , a(i)
t )

dynamics

+ log πθ(a(i)
t |s(i)

t )

policy

= ∇θ

T

∑
t=0

log πθ(a(i)
t |s(i)

t )

policy

=
T

∑
t=0

∇θ log πθ(a(i)
t |s(i)

t )

∇θU(θ) ≈
1
N

N

∑
i=1

∇θ log Pθ(τ(i))R(τ(i)) ∇θU(θ) ≈
1
N

N

∑
i=1

T

∑
t=1

∇θ log πθ(α(i)
t |s(i)

t )R(τ(i))

From trajectories to actions



∇θ log P(τ(i); θ) = ∇θ log
T

∏
t=0

P(s(i)
t+1 |s(i)

t , a(i)
t )

dynamics

⋅ πθ(a(i)
t |s(i)

t )

policy

= ∇θ

T

∑
t=0

log P(s(i)
t+1 |s(i)

t , a(i)
t )

dynamics

+ log πθ(a(i)
t |s(i)

t )

policy

= ∇θ

T

∑
t=0

log πθ(a(i)
t |s(i)

t )

policy

=
T

∑
t=0

∇θ log πθ(a(i)
t |s(i)

t )

∇θU(θ) ≈
1
N

N

∑
i=1

∇θ log Pθ(τ(i))R(τ(i)) ∇θU(θ) ≈
1
N

N

∑
i=1

T

∑
t=1

∇θ log πθ(α(i)
t |s(i)

t )R(τ(i))

From trajectories to actions



∇θ log P(τ(i); θ) = ∇θ log
T

∏
t=0

P(s(i)
t+1 |s(i)

t , a(i)
t )

dynamics

⋅ πθ(a(i)
t |s(i)

t )

policy

= ∇θ

T

∑
t=0

log P(s(i)
t+1 |s(i)

t , a(i)
t )

dynamics

+ log πθ(a(i)
t |s(i)

t )

policy

= ∇θ

T

∑
t=0

log πθ(a(i)
t |s(i)

t )

policy

=
T

∑
t=0

∇θ log πθ(a(i)
t |s(i)

t )

∇θU(θ) ≈
1
N

N

∑
i=1

∇θ log Pθ(τ(i))R(τ(i)) ∇θU(θ) ≈
1
N

N

∑
i=1

T

∑
t=1

∇θ log πθ(α(i)
t |s(i)

t )R(τ(i))

From trajectories to actions



∇θ log P(τ(i); θ) = ∇θ log
T

∏
t=0

P(s(i)
t+1 |s(i)

t , a(i)
t )

dynamics

⋅ πθ(a(i)
t |s(i)

t )

policy

= ∇θ

T

∑
t=0

log P(s(i)
t+1 |s(i)

t , a(i)
t )

dynamics

+ log πθ(a(i)
t |s(i)

t )

policy

= ∇θ

T

∑
t=0

log πθ(a(i)
t |s(i)

t )

policy

=
T

∑
t=0

∇θ log πθ(a(i)
t |s(i)

t )

∇θU(θ) ≈
1
N

N

∑
i=1

∇θ log Pθ(τ(i))R(τ(i)) ∇θU(θ) ≈
1
N

N

∑
i=1

T

∑
t=1

∇θ log πθ(α(i)
t |s(i)

t )R(τ(i))

From trajectories to actions



∇θ log P(τ(i); θ) = ∇θ log
T

∏
t=0

P(s(i)
t+1 |s(i)

t , a(i)
t )

dynamics

⋅ πθ(a(i)
t |s(i)

t )

policy

= ∇θ

T

∑
t=0

log P(s(i)
t+1 |s(i)

t , a(i)
t )

dynamics

+ log πθ(a(i)
t |s(i)

t )

policy

= ∇θ

T

∑
t=0

log πθ(a(i)
t |s(i)

t )

policy

=
T

∑
t=0

∇θ log πθ(a(i)
t |s(i)

t )

∇θU(θ) ≈
1
N

N

∑
i=1

∇θ log Pθ(τ(i))R(τ(i)) ∇θU(θ) ≈
1
N

N

∑
i=1

T

∑
t=1

∇θ log πθ(α(i)
t |s(i)

t )R(τ(i))

From trajectories to actions



∇θ log P(τ(i); θ) = ∇θ log
T

∏
t=0

P(s(i)
t+1 |s(i)

t , a(i)
t )

dynamics

⋅ πθ(a(i)
t |s(i)

t )

policy

= ∇θ

T

∑
t=0

log P(s(i)
t+1 |s(i)

t , a(i)
t )

dynamics

+ log πθ(a(i)
t |s(i)

t )

policy

= ∇θ

T

∑
t=0

log πθ(a(i)
t |s(i)

t )

policy

=
T

∑
t=0

∇θ log πθ(a(i)
t |s(i)

t )

From trajectories to actions

Let’s call  the approximate 
gradient vector

̂g

∇θU(θ) ≈
1
N

N

∑
i=1

∇θ log Pθ(τ(i))R(τ(i)) ∇θU(θ) ≈
1
N

N

∑
i=1

T

∑
t=1

∇θ log πθ(α(i)
t |s(i)

t )R(τ(i))



∇θ log P(τ(i); θ) = ∇θ log
T

∏
t=0

P(s(i)
t+1 |s(i)

t , a(i)
t )

dynamics

⋅ πθ(a(i)
t |s(i)

t )

policy

= ∇θ

T

∑
t=0

log P(s(i)
t+1 |s(i)

t , a(i)
t )

dynamics

+ log πθ(a(i)
t |s(i)

t )

policy

= ∇θ

T

∑
t=0

log πθ(a(i)
t |s(i)

t )

policy

=
T

∑
t=0

∇θ log πθ(a(i)
t |s(i)

t )

∇θU(θ) ≈
1
N

N

∑
i=1

∇θ log Pθ(τ(i))R(τ(i)) ∇θU(θ) ≈
1
N

N

∑
i=1

T

∑
t=1

∇θ log πθ(α(i)
t |s(i)

t )R(τ(i))

From trajectories to actions



 for Gaussian policy ∇θlog πθ(a)
Variance may be fixed, or can also be parameterized, for now let’s fix it.

 ∇θlog πθ(a |s) = const. ⋅
(a − μθ(s))

σ2
∇θ μθ(s)

For univariate Gaussian 𝒩(μ, σ2) =
1

σ 2π
e− 1

2
(a − μ)2

σ2

For multivariate Gaussian 𝒩(μ, Σ) =
1

(2π)k det Σ
e− 1

2 (a−μ)⊤Σ−1(a−μ)

 ∇θlog πθ(a |s) = const. ⋅ Σ−1(a − μθ(s))
∂(μ1 . . . μk)
∂(θ1 . . . θn)



∇θ𝔼x f (x) = ∇θ𝔼x∼Pθ(x) [f (x)]
= ∇θ ∑

x

Pθ(x)f (x)

= ∑
x

∇θ Pθ(x)f (x)

= ∑
x

Pθ(x)
∇θ Pθ(x)

Pθ(x)
f (x)

= ∑
x

Pθ(x)∇θ log Pθ(x)f (x)

= 𝔼x∼Pθ(x) [∇θ log Pθ(x)f (x)]
≈

1
N

N

∑
i=1

∇θ log Pθ(x(i))f (x(i))

≈
1
N

N

∑
i=1

const.Σ−1 ⋅ (a(i) − μ)[10
01] f (x(i))

Two-dimensional Gaussian Pθ(x)
μ = [θ1, θ2]⊤Imagine I am optimizing over 

these two parameters:

a(i)

Σ−1(a(i) − μ) ∝ ∇θlog Pθ(a)

μ μ′ 



Softmax

discrete actions

go left
go right

s

Output is a distribution over a discrete set of actions

π(a |s, θ) ≐
eh(s,a,θ)

∑b eh(s,b,θ)



 for softmax policy ∇θlog πθ(a)

 

∇θ log πθ(a) = ∇θhθ(s, a) − ∇θ log∑
b

ehθ(s,b)

∇θhθ(s, a) −
1

∑b ehθ(s,b)
∇θ ∑

b

ehθ(s,b)

∇θhθ(s, a) −
1

∑b ehθ(s,b) ∑
b

∇θehθ(s,b)

∇θhθ(s, a) −
1

∑b ehθ(s,b) ∑
b

ehθ(s,b) ∇θhθ(s, b)

∇θhθ(s, a) − ∑
b

ehθ(s,b)

∑b ehθ(s,b)
∇θhθ(s, b)

∇θhθ(s, a) − ∑
b

πθ(s, b)∇θhθ(s, b)

 πθ(a |s) =
ehθ(s,a)

∑b ehθ(s,b)



 for softmax policy ∇θlog πθ(a)

 

∇θ log πθ(a) = ∇θhθ(s, a) − ∇θ log∑
b

ehθ(s,b)

∇θhθ(s, a) −
1

∑b ehθ(s,b)
∇θ ∑

b

ehθ(s,b)

∇θhθ(s, a) −
1

∑b ehθ(s,b) ∑
b

∇θehθ(s,b)

∇θhθ(s, a) −
1

∑b ehθ(s,b) ∑
b

ehθ(s,b) ∇θhθ(s, b)

∇θhθ(s, a) − ∑
b

ehθ(s,b)

∑b ehθ(s,b)
∇θhθ(s, b)

∇θhθ(s, a) − ∑
b

πθ(s, b)∇θhθ(s, b)
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R(τ)dθ = ∫ Pμ(θ)∇μlogPμ(θ)R(τ)dθ = 𝔼θ∼Pμ(θ) [∇μlogPμ(θ)R(τ)]

Temporal structure

𝔼 ̂g = ∇θU(θ)

̂g =
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N

N

∑
i=1

T

∑
t=1

∇θ log πθ(α(i)
t |s(i)

t )R(τ(i))
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Temporal structure

Each action takes the blame 
for the full trajectory!
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These rewards are not caused by actions that 
come after t

Can we do better than assigning 
the cumulative trajectory reward 
to every action in the trajectory?
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Consider instead:

Each action takes the 
blame for the trajectory 
that comes after it



∇μ𝔼θ∼Pμ(θ) [R(τ)] = ∇μ ∫ Pμ(θ)R(τ)dθ = ∫ ∇μPμ(θ)R(τ)dθ = ∫ Pμ(θ)
∇μPμ(θ)

Pμ(θ)
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Consider instead:

Each action takes the 
blame for the trajectory 
that comes after it

We can call this the return from t onwards Gt



• Let’s us rewrite is as follows: 

                                θt+1 ≐ θt + αγtGt
∇θπ (At |St, θ)

π (At |St, θ)

Update is inversely proportional to the action probability to fight 
the fact that actions that are selected frequently are at an 
advantage (the updates will be more often in their direction)  

move most in the directions that favor 
actions that yield the highest return 

• Let’s analyze the update: 

Δθt = αGt ∇θlog πθ (st, at)

Likelihood ratio gradient estimatorLikelihood ratio gradient estimator



REINFORCE (or Monte Carlo Policy Gradient)

    

0. Initialize policy parameters θ
1. Sample trajectories {τi = {si

t , ai
t}T

t=0} by deploying the current policy πθ(at |st) .

2. Compute gradient vector ∇θU(θ) ≈ ̂g =
1
N

N

∑
i=1

T

∑
t=1

∇θlog πθ(a(i)
t |s(i)

t )G(i)
t

3. θ ← θ + α∇θU(θ)



Policy Gradients

max
θ

. U(θ) = 𝔼τ∼Pθ(τ) [R(τ)]
∇θU(θ) = ∇θ𝔼τ∼Pθ(τ) [R(τ)]

= ∇θ ∑
τ

Pθ(τ)R(τ)

= ∑
τ

∇θPθ(τ)R(τ)

= ∑
τ

Pθ(τ)
∇θPθ(τ)

Pθ(τ)
R(τ)

= ∑
τ

Pθ(τ)∇θlog Pθ(τ)R(τ)

= 𝔼τ∼Pθ(τ) [∇θlog Pθ(τ)R(τ)]

∇θU(θ) ≈
1
N

N

∑
i=1

∇θlog Pθ(τ(i))R(τ(i))

Sample estimate:



∇μ𝔼θ∼Pμ(θ) [F(θ)] = ∇μ ∫ Pμ(θ)F(θ)dθ

= ∫ ∇μPμ(θ)F(θ)dθ

= ∫ Pμ(θ)
∇μPμ(θ)

Pμ(θ)
F(θ)dθ

= ∫ Pμ(θ)∇μlogPμ(θ)F(θ)dθ

= 𝔼θ∼Pμ(θ) [∇μlogPμ(θ)F(θ)]
= 𝔼θ∼Pμ(θ) [∇μlogPμ(θ)F(θ)]

∇μU(μ) = ∇μ𝔼θ∼Pμ(θ) [F(θ)]
= ∇μ ∫ Pμ(θ)F(θ)dθ

= ∫ ∇μPμ(θ)F(θ)dθ

= ∫ Pμ(θ)
∇μPμ(θ)

Pμ(θ)
F(θ)dθ

= ∫ Pμ(θ)∇μlog Pμ(θ)F(θ)dθ

= 𝔼θ∼Pμ(θ) [∇μlog Pμ(θ)F(θ)]

max
μ

. U(μ) = 𝔼θ∼Pμ(θ) [F(θ)]

Evolutionary Methods

∇μU(μ) ≈
1
N

N

∑
i=1

∇μlog Pμ(θ(i))F(θ(i))

Sample estimate:



∇μ𝔼θ∼Pμ(θ) [F(θ)] = ∇μ ∫ Pμ(θ)F(θ)dθ

= ∫ ∇μPμ(θ)F(θ)dθ

= ∫ Pμ(θ)
∇μPμ(θ)

Pμ(θ)
F(θ)dθ

= ∫ Pμ(θ)∇μlogPμ(θ)F(θ)dθ

= 𝔼θ∼Pμ(θ) [∇μlogPμ(θ)F(θ)]
= 𝔼θ∼Pμ(θ) [∇μlogPμ(θ)F(θ)]

∇μU(μ) = ∇μ𝔼θ∼Pμ(θ) [F(θ)]
= ∇μ ∫ Pμ(θ)F(θ)dθ

= ∫ ∇μPμ(θ)F(θ)dθ

= ∫ Pμ(θ)
∇μPμ(θ)

Pμ(θ)
F(θ)dθ

= ∫ Pμ(θ)∇μlog Pμ(θ)F(θ)dθ

= 𝔼θ∼Pμ(θ) [∇μlog Pμ(θ)F(θ)]

max
μ

. U(μ) = 𝔼θ∼Pμ(θ) [F(θ)]

∇μU(μ) ≈
1
N

N

∑
i=1

∇μlog Pμ(θ(i))F(θ(i))

Considers distribution over actions Considers distribution over policy 
parameters

Sample estimate:

Policy gradients VS Evolutionary methods

max
θ

. U(θ) = 𝔼τ∼Pθ(τ) [R(τ)]
∇θU(θ) = ∇θ𝔼τ∼Pθ(τ) [R(τ)]

= ∇θ ∑
τ

Pθ(τ)R(τ)

= ∑
τ

∇θPθ(τ)R(τ)

= ∑
τ

Pθ(τ)
∇θPθ(τ)

Pθ(τ)
R(τ)

= ∑
τ

Pθ(τ)∇θlog Pθ(τ)R(τ)

= 𝔼τ∼Pθ(τ) [∇θlog Pθ(τ)R(τ)]

∇θU(θ) ≈
1
N

N

∑
i=1

∇θlog Pθ(τ(i))R(τ(i))

Sample estimate:



• We are sampling in both cases… 

• PG: sampling in action space 

• ES: sampling in parameter space

∇μ𝔼θ∼Pμ(θ) [R(τ)] = ∇μ ∫ Pμ(θ)R(τ)dθ = ∫ ∇μPμ(θ)R(τ)dθ = ∫ Pμ(θ)
∇μPμ(θ)

Pμ(θ)
R(τ)dθ = ∫ Pμ(θ)∇μlogPμ(θ)R(τ)dθ = 𝔼θ∼Pμ(θ) [∇μlogPμ(θ)R(τ)]

Policy gradients VS Evolutionary methods
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PD[LPL]H�

supervised learning
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trial-and-error learning
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3UHWHQG�HYHU\�DFWLRQ�ZH�WRRN�KHUH�
ZDV�WKH�FRUUHFW�ODEHO�

3UHWHQG�HYHU\�DFWLRQ�ZH�WRRN�
KHUH�ZDV�WKH�ZURQJ�ODEHO�

PD[LPL]H� PD[LPL]H�

∇θU(θ) ≈
1
N

N

∑
i=1

T

∑
t=1

∇θ log πθ(α(i)
t |s(i)

t )R(τ(i))
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6XSHUYLVHG�/HDUQLQJ
PD[LPL]H�
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ODEHOV�\BL�

5HLQIRUFHPHQW�/HDUQLQJ

PD[LPL]H�
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���RQFH�ZH�FROOHFW�D�EDWFK�RI�UROORXWV�

:H�FDOO�WKLV�WKH�DGYDQWDJH��LW¶V�D�
QXPEHU��OLNH������RU������EDVHG�RQ�KRZ�
WKLV�DFWLRQ�HYHQWXDOO\�WXUQHG�RXW�

Advantage is the same for all actions taken during a trajectory, and depends 
on the trajectory return (episode return)
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OLNHO\�LQ�WKH�IXWXUH��IRU�WKDW�VWDWH�

∇θU(θ) ≈
1
N
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∇θ log πθ(α(i)
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∇μ𝔼θ∼Pμ(θ) [R(τ)] = ∇μ ∫ Pμ(θ)R(τ)dθ = ∫ ∇μPμ(θ)R(τ)dθ = ∫ Pμ(θ)
∇μPμ(θ)

Pμ(θ)
R(τ)dθ = ∫ Pμ(θ)∇μlogPμ(θ)R(τ)dθ = 𝔼θ∼Pμ(θ) [∇μlogPμ(θ)R(τ)]

Variance

𝔼 ̂g = ∇θU(θ)

̂g =
1
N

N

∑
i=1

T

∑
t=1

∇θlog πθ(α(i)
t |s(i)

t )G(i)
t

Here is our gradient estimator:

It is unbiased, i.e., with large  it will accurately approximate the true 
gradient.  

Problem: Unfortunately, usually a very large  is required.  

Can we improve the variance of our estimator?

N

N



∇μ𝔼θ∼Pμ(θ) [R(τ)] = ∇μ ∫ Pμ(θ)R(τ)dθ = ∫ ∇μPμ(θ)R(τ)dθ = ∫ Pμ(θ)
∇μPμ(θ)

Pμ(θ)
R(τ)dθ = ∫ Pμ(θ)∇μlogPμ(θ)R(τ)dθ = 𝔼θ∼Pμ(θ) [∇μlogPμ(θ)R(τ)]

Variance

𝔼 ̂g = ∇θU(θ)

̂g =
1
N

N

∑
i=1

T

∑
t=0

∇θlog πθ(α(i)
t |s(i)

t )G(i)
t

Variance is the trace of the covariance matrix:

Var( ̂g) = tr (𝔼 [( ̂g − 𝔼[ ̂g])( ̂g − 𝔼[ ̂g])T]) =
n

∑
k=1

𝔼 [( ̂gk − 𝔼[ ̂gk])2]

Our goal is to minimize the variance of our estimator.

Here is our gradient estimator:



∇μ𝔼θ∼Pμ(θ) [R(τ)] = ∇μ ∫ Pμ(θ)R(τ)dθ = ∫ ∇μPμ(θ)R(τ)dθ = ∫ Pμ(θ)
∇μPμ(θ)

Pμ(θ)
R(τ)dθ = ∫ Pμ(θ)∇μlogPμ(θ)R(τ)dθ = 𝔼θ∼Pμ(θ) [∇μlogPμ(θ)R(τ)]

̂g =
1
N

N

∑
i=1

∇θ log Pθ(τ(i))(R(τ(i)) − b)

What if we subtract a constant b from the rewards:

𝔼 ̂g = ∇θU(θ)

̂g =
1
N

N

∑
i=1

∇θ log Pθ(τ(i))R(τ(i)) −
1
N

N

∑
i=1

∇θ log Pθ(τ(i))b

Reducing variance by subtracting a baseline



∇μ𝔼θ∼Pμ(θ) [R(τ)] = ∇μ ∫ Pμ(θ)R(τ)dθ = ∫ ∇μPμ(θ)R(τ)dθ = ∫ Pμ(θ)
∇μPμ(θ)

Pμ(θ)
R(τ)dθ = ∫ Pμ(θ)∇μlogPμ(θ)R(τ)dθ = 𝔼θ∼Pμ(θ) [∇μlogPμ(θ)R(τ)]

̂g =
1
N

N

∑
i=1

∇θ log Pθ(τ(i))(R(τ(i)) − b)

What if we subtract a constant b from the rewards:

𝔼 ̂g = ∇θU(θ)

̂g =
1
N

N

∑
i=1

∇θ log Pθ(τ(i))R(τ(i)) −
1
N

N

∑
i=1

∇θ log Pθ(τ(i))b

Reducing variance by subtracting a baseline

original formulation
new term



∇μ𝔼θ∼Pμ(θ) [R(τ)] = ∇μ ∫ Pμ(θ)R(τ)dθ = ∫ ∇μPμ(θ)R(τ)dθ = ∫ Pμ(θ)
∇μPμ(θ)

Pμ(θ)
R(τ)dθ = ∫ Pμ(θ)∇μlogPμ(θ)R(τ)dθ = 𝔼θ∼Pμ(θ) [∇μlogPμ(θ)R(τ)]

̂g =
1
N

N

∑
i=1

∇θ log Pθ(τ(i))(R(τ(i)) − b)

What if we subtract a constant b from the rewards:

𝔼 ̂g = ∇θU(θ)

̂g =
1
N

N

∑
i=1

∇θ log Pθ(τ(i))R(τ(i)) −
1
N

N

∑
i=1

∇θ log Pθ(τ(i))b

Reducing variance by subtracting a baseline

original formulation
new term

∑
τ

P(τ; θ)∇θ log Pθ(τ)b = ∑
τ

P(τ; θ)
∇θ Pθ(τ)
P(τ; θ)

b

= ∑
τ

∇θ Pθ(τ)b

= b (∑
τ

∇θ Pθ(τ))
= b (∇θ ∑

τ

Pθ(τ))
= 0



∇μ𝔼θ∼Pμ(θ) [R(τ)] = ∇μ ∫ Pμ(θ)R(τ)dθ = ∫ ∇μPμ(θ)R(τ)dθ = ∫ Pμ(θ)
∇μPμ(θ)

Pμ(θ)
R(τ)dθ = ∫ Pμ(θ)∇μlogPμ(θ)R(τ)dθ = 𝔼θ∼Pμ(θ) [∇μlogPμ(θ)R(τ)]

̂g =
1
N

N

∑
i=1

∇θ log Pθ(τ(i))(R(τ(i)) − b)

What if we subtract a constant b from the rewards:

𝔼 ̂g = ∇θU(θ)

̂g =
1
N

N

∑
i=1

∇θ log Pθ(τ(i))R(τ(i)) −
1
N

N

∑
i=1

∇θ log Pθ(τ(i))b

Reducing variance by subtracting a baseline

original formulation
new term

• new term equals to 0 in 
expectation 

• We are still unbiased

∑
τ

P(τ; θ)∇θ log Pθ(τ)b = ∑
τ

P(τ; θ)
∇θ Pθ(τ)
P(τ; θ)

b

= ∑
τ

∇θ Pθ(τ)b

= b (∑
τ

∇θ Pθ(τ))
= b (∇θ ∑

τ

Pθ(τ))
= 0



Baseline choices

̂g =
1
N

N

∑
i=1

T

∑
t=1

∇θ log πθ(α(i)
t |s(i)

t )(G(i)
t −b)

Constant Baseline (single scalar): b = 𝔼[R(τ)]

Time-dependent Baseline (a vector length ): T bt =
N

∑
i=1

G(i)
t

̂g =
1
N

N

∑
i=1

T

∑
t=1

∇θ log πθ(α(i)
t |s(i)

t )(G(i)
t −bt)

State-dependent Baseline (a function):  

b (s) = 𝔼 [rt + rt+1 + rt+2 + … + rT−1 st = s] = Vπ (s)

̂g =
1
N

N

∑
i=1

T

∑
t=0

∇θ log πθ(a(i)
t |s(i)

t )(G(i)
t −b(s(i)

t ))



• Imagine in some state  the rewards of all actions are ~3000 and in some state   
the rewards of all actions are~ -4000.

S1 S2

∇μ𝔼θ∼Pμ(θ) [R(τ)] = ∇μ ∫ Pμ(θ)R(τ)dθ = ∫ ∇μPμ(θ)R(τ)dθ = ∫ Pμ(θ)
∇μPμ(θ)

Pμ(θ)
R(τ)dθ = ∫ Pμ(θ)∇μlogPμ(θ)R(τ)dθ = 𝔼θ∼Pμ(θ) [∇μlogPμ(θ)R(τ)]

Variance

𝔼 ̂g = ∇θU(θ)

Var( ̂g) = tr (𝔼 [( ̂g − 𝔼[ ̂g])( ̂g − 𝔼[ ̂g])T]) =
n

∑
k=1

𝔼 [( ̂gk − 𝔼[ ̂gk])2]

̂g =
1
N

N

∑
i=1

T

∑
t=0

∇θlog πθ(a(i)
t |s(i)

t )G(i)
t

Subtracting a state-dependent Baseline:



• Imagine in some state  the rewards of all actions are ~3000 and in some state   the 

rewards of all actions are~ -4000. Bad actions in  will much influence the gradient 

way more than good actions in . But our goal is to select the right actions across 
both bad and good states! 

• Now imagine you have  and  and you subtract those 
values from the sample returns. 

s1 s2
s1

s2

b(s1) = 3000 b(s2) = − 4000

∇μ𝔼θ∼Pμ(θ) [R(τ)] = ∇μ ∫ Pμ(θ)R(τ)dθ = ∫ ∇μPμ(θ)R(τ)dθ = ∫ Pμ(θ)
∇μPμ(θ)

Pμ(θ)
R(τ)dθ = ∫ Pμ(θ)∇μlogPμ(θ)R(τ)dθ = 𝔼θ∼Pμ(θ) [∇μlogPμ(θ)R(τ)]

Action advantages Versus Action returns

𝔼 ̂g = ∇θU(θ)

̂g =
1
N

N

∑
i=1

T

∑
t=0

∇θlog πθ(a(i)
t |s(i)

t )(G(i)
t − b(s(i)

t )

advantage

)

s1 s2v(s1) = 3000 v(s2) = − 4000

G(a1) = 3030

G(a2) = 2970

G(a1) = − 3970

G(a2) = − 4030



• Imagine in some state  the rewards of all actions are ~3000 and in some state   the rewards of all 

actions are~ -4000. Bad actions in  will much influence the gradient way more than good actions 

in . But our goal is to select the right actions across both bad and good states! 

• Now imagine you have  and  and you subtract those values from the 
sample returns.   

• We want to encourage an action not when it has high return, but when it has higher return than the 
other actions from that state, i.e., when it has an advantage over other actions. It may well be that a 
state is bad and all actions have low returns in that state, we care to find the actions that have 
higher returns that the rest, and we need to calibrate for the goodness of state using state 
dependent baselines. 

s1 s2
s1

s2

b(s1) = 3000 b(s2) = − 4000

∇μ𝔼θ∼Pμ(θ) [R(τ)] = ∇μ ∫ Pμ(θ)R(τ)dθ = ∫ ∇μPμ(θ)R(τ)dθ = ∫ Pμ(θ)
∇μPμ(θ)

Pμ(θ)
R(τ)dθ = ∫ Pμ(θ)∇μlogPμ(θ)R(τ)dθ = 𝔼θ∼Pμ(θ) [∇μlogPμ(θ)R(τ)]

Action advantages Versus Action returns

𝔼 ̂g = ∇θU(θ)

̂g =
1
N

N

∑
i=1

T

∑
t=0

∇θlog πθ(a(i)
t |s(i)

t )(G(i)
t − b(s(i)

t )

advantage

)

s1 s2v(s1) = 3000 v(s2) = − 4000

G(a2) = 2970

G(a1) = − 3970



• Monte Carlo estimation 

1. Initialize  

2. Collect trajectories:  

3. Regress against empirical return, e.g., using gradient descent:  
 

ϕ

τ1, . . . , τN

ϕ ← arg min
ϕ

1
N

N

∑
i=1

T−1

∑
t=0

Vπ
ϕ (s(i)

t )−(
T−1

∑
k=t

R (s(i)
k , a(i)

k ))
2

Estimate state dependent baseline Vπ
ϕ(st)

̂g =
1
N

N

∑
i=1

T

∑
t=1

∇θ log πθ(α(i)
t |s(i)

t )(G(i)
t − Vπ

ϕ(s(i)
t ))



• TD estimation 

1. Initialize  

2. Collect data for:  

3. Fitted V iteration 
 

ϕ

s, a, s′ , r

ϕℓ+1 ← arg min
ϕ ∑

(s,a,s′ ,r)

(r + Vπ
ϕℓ

(s′ ))−Vϕ(s)
2

2

̂g =
1
N

N

∑
i=1

T

∑
t=1

∇θ log πθ(α(i)
t |s(i)

t )(G(i)
t − Vπ

ϕ(s(i)
t ))

Estimate state dependent baseline Vπ
ϕ(st)



Actor-Critic 
‣ Actor-critic algorithms maintain two sets of parameters  

- Critic Updates action-value function parameters w  
- Actor Updates policy parameters θ, in direction suggested by critic 

Architecture design

two network design + simple & stable
- no shared features between actor & critic

shared network design



    
0. Initialize policy parameters θ and critic parameters ϕ .
1. Sample trajectories {τi = {si

t , ai
t}T

i=0} by deploying the current policy πθ(at |st) .
2. Fit value function Vπ

ϕ(s) by MC or TD estimation (update ϕ)

3. Compute action advantages Aπ(si
t , ai

t) = G(i)
t − Vπ

ϕ(si
t)

4. ∇θU(θ) ≈ ̂g =
1
N

N

∑
i=1

T

∑
t=1

∇θlog πθ(αi
t |si

t)Aπ(si
t , ai

t)

5. θ ← θ + α∇θU(θ)

Actor-critic algorithms (with discount)Actor-Critic



̂g =
1
N

N

∑
i=1

T

∑
t=1

∇θlog πθ(α(i)
t |s(i)

t )(G(i)
t − Vπ

ϕ(s(i)
t ))

Sample returns are Q estimates!

Whether we use a baseline:

or not:

̂g =
1
N

N

∑
i=1

T

∑
t=1

∇θlog πθ(α(i)
t |s(i)

t )G(i)
t

returns  are trying to estimate Q values from a single 

rollout:

G(i)
t =

T

∑
k=t

R(s(i)
k , a(i)

k )

Qπ(s, a) = 𝔼[R0 + R1 + ⋯ |S0 = s, A0 = a]



Minimize variance of such Q estimates by: 

• discounting 

• introducing a learnt approximation for the Q, as opposed to returns 
from single rollouts

Returns  are trying to estimate Q values from a single rollout:G(i)
t =

T

∑
k=t

R(s(i)
k , a(i)

k )

Qπ(s, a) = 𝔼[R0 + R1 + ⋯ |S0 = s, A0 = a]

Sample returns are Q estimates!



Qπ,γ(s, a) = 𝔼[R0 + γR1 + γ2R2⋯ |S0 = s, A0 = a]

By definition of the Q function



Qπ,γ(s, a) = 𝔼[R0 + γR1 + γ2R2⋯ |S0 = s, A0 = a]
= 𝔼[R0 + γVπ(S1) |S0 = s, A0 = a]

By definition of the Q function



Qπ,γ(s, a) = 𝔼[R0 + γR1 + γ2R2⋯ |S0 = s, A0 = a]
= 𝔼[R0 + γVπ(S1) |S0 = s, A0 = a]
= 𝔼[R0 + γR1 + γ2Vπ(S2) |S0 = s, A0 = a]

By definition of the Q function



Qπ,γ(s, a) = 𝔼[R0 + γR1 + γ2R2⋯ |S0 = s, A0 = a]
= 𝔼[R0 + γVπ(S1) |S0 = s, A0 = a]
= 𝔼[R0 + γR1 + γ2Vπ(S2) |S0 = s, A0 = a]
= 𝔼[R0 + γR1 + γ2R2 + γ3Vπ(S3) |S0 = s, A0 = a]
= ⋯

If I have estimated , I can use it to estimate the Q values, I do not 
need a separate Q function approximate!

Vπ
ϕ(S)

By definition of the Q function



Advantage Actor-CriticActor-critic algorithms (with discount)
    
0. Initialize policy parameters θ and critic parameters ϕ .
1. Sample trajectories {τi = {si

t , ai
t}T

t=0} by deploying the current policy πθ(at |st) .
2. Fit value function Vπ

ϕ(s) by MC or TD estimation (update ϕ)

3. Compute action advantages Aπ(si
t , ai

t) = R(si
t , ai

t) + γVπ
ϕ(si

t+1) − Vπ
ϕ(si

t)

4. ∇θU(θ) ≈ ̂g =
1
N

N

∑
i=1

T

∑
t=1

∇θlog πθ(αi
t |si

t)Aπ(si
t , ai

t)

5. θ ← θ + α∇θU(θ)



Advantage Actor-Critic
Actor-critic algorithms (with discount)

    
0. Initialize policy parameters θ and critic parameters ϕ .
1. Sample trajectories {τi = {si

t , ai
t}T

t=0} by deploying the current policy πθ(at |st) .
2. Fit value function Vπ

ϕ(s) by MC or TD estimation (update ϕ)

3. Compute action advantages Aπ(si
t , ai

t) = R(si
t , ai

t) + γVπ
ϕ(si

t+1) − Vπ
ϕ(si

t)

4. ∇θU(θ) ≈ ̂g =
1
N

N

∑
i=1

T

∑
t=1

∇θlog πθ(αi
t |si

t)Aπ(si
t , ai

t)

5. θ ← θ + α∇θU(θ)

How can we compute this in automatic differentiation packages, such us 
Tensor flow?

Û =
1
N

N

∑
i=1

T

∑
t=1

log πθ(αi
t |si

t)Aπ(si
t , ai

t)

We need to write the expression that when differentiated will give that 
gradient. 



• Stability of training neural networks requires the gradient updates 
to be de-correlated 

• This is not the case if data arrives sequen3ally 

• Gradient updates computed from some part of the space can cause 
the value (Q) function approximator to oscillate  

• Our solution so far has been: Experience buffers where experience 
tuples are mixed and sampled from. Resulting sampled batches are 
more stationary that the ones encountered online (without buffer) 

• This limits deep RL to off-policy methods, since data from an older 
policy are used to update the weights of the value approximator 
(critic) (except if we take care and weight such data under our 
current stochastic policy->importance sampling)

REINFORCE/Actor-critic training



• Alternative: parallelize the collection of experience and stabilize 
training without experience buffers 

• Mul3ple threads of experience, one per agent, each exploring in 
different part of the environment contributing experience tuples 

• Different explora3on strategies (e.g., various   values) in different 
threads increase diversity 

• Now you can train on-policy using any of our policy gradient methods

ϵ

Asynchronous Deep RL for on policy learning



Distributed RL



Distributed Asynchronous RL-A3C

Each worker may 
have slightly 
modified version of 
the policy/critic

No locking



A3C

What is the approximation used for the advantage?
R(n)

t =
n−1

∑
k=0

γ(k)
t Rt+k+1

r1, r2, r3

R3 = r3 + γV(s4, θ′ v)
R2 = r2 + γr3 + γ2V(s4, θ′ v)

s1, s2, s3, s4

A3 = R3 − V(s3; θ′ v)
A2 = R2 − V(s2; θ′ v)

R3 − V(s3)

Rollout

Advantage

Learning the critic

Copying the weights



Distributed Synchronous RL-A2C

5. Gradients of all 
workers are averaged and 
the central neural net 
weights are updated 

All worker may have 
the same actor/critic 
weights



What is the approximation used for the advantage?
R3 = r3 + γV(s4, θ′ v)
R2 = r2 + γr3 + γ2V(s4, θ′ v)

A3 = R3 − V(s3; θ′ v)
A2 = R2 − V(s2; θ′ v)

R(n)
t =

n−1

∑
k=0

γ(k)
t Rt+k+1

``We also found that adding the entropy of the policy π to 
the objective function improved exploration by 
discouraging premature convergence to suboptimal 
deterministic policies.” So you need to add to the policy 
gradient: 

We will look into the entropy as part of the reward in later 
lecture

+β∇θH(πθ(at |st; θ))



Actor-CriticActor-critic algorithms (with discount)
    
0. Initialize policy parameters θ and critic parameters ϕ .
1. Sample trajectories {τi = {si

t , ai
t}T

i=0} by deploying the current policy πθ(at |st) .
2. Fit value function Vπ

ϕ(s) by MC or TD estimation (update ϕ)

3. Compute action advantages Aπ(si
t , ai

t) = R(si
t , ai

t) + γVπ
ϕ(si

t+1) − Vπ
ϕ(si

t)

4. ∇θU(θ) ≈ ̂g =
1
N

N

∑
i=1

T

∑
t=1

∇θlog πθ(αi
t |si

t)Aπ(si
t , ai

t)

5. θ ← θ+α∇θU(θ)



Actor-Critic as Policy Iteration
Actor-critic algorithms (with discount)

Policy iteration: 
1. Initialize policy . 
2. Deploy policy in the environment 
3. Estimate and identify advantages : actions whose  value is 

higher than the state  value. 
4. Change the policy to switch to those actions (or to make them more 

probable), resulting in . 
5.  

π

Aπ Qπ(s, a)
Vπ(s)

πnew
π → πnew

Value function based algorithms

generate samples 
(i.e. run the policy)

fit a model/ 
estimate the return

improve the policyImprove the 
policy

run the policy and 
collect trajectories

Estimate the 
advantages  by 
policy evaluation

Actor-critic algorithms (with discount)

    

0. Initialize policy parameters θ and critic parameters ϕ .
1. Sample trajectories {τi = {si

t , ai
t}T

i=0} by deploying the current policy πθ(at |st) .
2. Fit value function Vπ

ϕ(s) by MC or TD estimation (update ϕ)

3. Compute action advantages Aπ(si
t , ai

t) = R(si
t , ai

t) + γVπ
ϕ(si

t+1) − Vπ
ϕ(si

t)

4. ∇θU(θ) ≈ ̂g =
1
N

N

∑
i=1

T

∑
t=1

∇θlog πθ(αi
t |si

t)Aπ(si
t , ai

t)

5. θ ← θ+α∇θU(θ)



Actor-Critic is on policyActor-critic algorithms (with discount)
    
0. Initialize policy parameters θ and critic parameters ϕ .
1. Sample trajectories {τi = {si

t , ai
t}T

i=0} by deploying the current policy πθ(at |st) .
2. Fit value function Vπ

ϕ(s) by MC or TD estimation (update ϕ)

3. Compute action advantages Aπ(si
t , ai

t) = R(si
t , ai

t) + γVπ
ϕ(si

t+1) − Vπ
ϕ(si

t)

4. ∇θU(θ) ≈ ̂g =
1
N

N

∑
i=1

T

∑
t=1

∇θlog πθ(αi
t |si

t)Aπ(si
t , ai

t)

5. θ ← θ+α∇θU(θ)

The actor critic methods we have described are on policy methods: they use data of the 
current policy to improve the policy.



This lecture

It runs out these are related:  
To guarantee improvement we need the policy not to change too much from iteration to 
iteration. 

When we have guarantees that we have policy improvement in AC methods? 
What should be our stepwise in AC methods? 
Can we use older data, data from previous versions of the policy, and train off-policy? 



Can we use older data, data from previous versions of the policy? 



U(θ) = 𝔼τ∼πθ(τ) [R(τ)]
= ∑

τ

πθ(τ)R(τ)

= ∑
τ

πθold
(τ)

πθ(τ)
πθold

(τ)
R(τ)

= 𝔼τ∼πθold

πθ(τ)
πθold

(τ)
R(τ)

Off-policy Policy Gradients with Importance Sampling



U(θ) = 𝔼τ∼πθ(τ) [R(τ)]
= ∑

τ

πθ(τ)R(τ)

= ∑
τ

πθold
(τ)

πθ(τ)
πθold

(τ)
R(τ)

= 𝔼τ∼πθold

πθ(τ)
πθold

(τ)
R(τ)

Off-policy Policy Gradients with Importance Sampling



U(θ) = 𝔼τ∼πθ(τ) [R(τ)]
= ∑

τ

πθ(τ)R(τ)

= ∑
τ

πθold
(τ)

πθ(τ)
πθold

(τ)
R(τ)

= 𝔼τ∼πθold

πθ(τ)
πθold

(τ)
R(τ)

∇θU(θ) = 𝔼τ∼πθold

∇θπθ(τ)
πθold

(τ)
R(τ)

= 𝔼τ∼πθold

πθ(τ)
πθ(τ)

∇θπθ(τ)
πθold

(τ)
R(τ)

= 𝔼τ∼πθold

πθ(τ)
πθold

(τ)
∇θπθ(τ)

πθ(τ)
R(τ)

= 𝔼τ∼πθold

πθ(τ)
πθold

(τ)
∇θ log πθ(τ)R(τ)

Off-policy Policy Gradients with Importance Sampling



U(θ) = 𝔼τ∼πθ(τ) [R(τ)]
= ∑

τ

πθ(τ)R(τ)

= ∑
τ

πθold
(τ)

πθ(τ)
πθold

(τ)
R(τ)

= 𝔼τ∼πθold

πθ(τ)
πθold

(τ)
R(τ)

∇θU(θ) |θ=θold
= 𝔼τ∼πθold

∇θlog πθ(τ) |θ=θold
R(τ)

Gradient evaluated at  is unchanged:θold

∇θU(θ) = 𝔼τ∼πθold

∇θπθ(τ)
πθold

(τ)
R(τ)

= 𝔼τ∼πθold

πθ(τ)
πθ(τ)

∇θπθ(τ)
πθold

(τ)
R(τ)

= 𝔼τ∼πθold

πθ(τ)
πθold

(τ)
∇θπθ(τ)

πθ(τ)
R(τ)

= 𝔼τ∼πθold

πθ(τ)
πθold

(τ)
∇θ log πθ(τ)R(τ)
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∇θU(θ) = 𝔼τ∼πθold

πθ(τ)
πθold

(τ)
∇θ log πθ(τ)R(τ)

πθ(τ) = p(s0)
T

∏
t=1

p(st+1 |st, at) ⋅ πθ(at |st)

∇θU(θ) = 𝔼τ∼πθold

T

∏
t=1

πθ(at |st)
πθold

(at |st)

T

∑
t=1

∇θ log πθ(αt |st)
T

∑
t=1

R(st, at)

= 𝔼τ∼πθold

T

∑
t=1

∇θ log πθ(αt |st)(
T

∏
t=1

πθ(at |st)
πθold

(at |st) ) (
T

∑
t=1

R(st, at))

πθ(τ)
πθold

(τ)
=

p(s0)∏T
t=1 p(st+1 |st, at) ⋅ πθ(at |st)

p(s0)∏T
t=1 p(st+1 |st, at) ⋅ πθold

(at |st)
=

T

∏
t=1

πθ(at |st)
πθold

(at |st)
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∇θU(θ) = 𝔼τ∼πθold

πθ(τ)
πθold

(τ)
∇θ log πθ(τ)R(τ)

πθ(τ) = p(s0)
T

∏
t=1

p(st+1 |st, at) ⋅ πθ(at |st)

∇θU(θ) = 𝔼τ∼πθold

T

∏
t=1

πθ(at |st)
πθold

(at |st)

T

∑
t=1

∇θ log πθ(αt |st)
T

∑
t=1

R(st, at)

= 𝔼τ∼πθold

T

∑
t=1

∇θ log πθ(αt |st)(
T

∏
t=1

πθ(at |st)
πθold

(at |st) ) (
T

∑
t=1

R(st, at))

∇θU(θ) = 𝔼τ∼πθold

T

∑
t=1

∇θ log πθ(αt |st)(
t

∏
t′ =1

πθ(at′ |st′ )
πθold

(at′ |st′ ) ) (
T

∑
t′ =t

R(st′ , at′ ))

πθ(τ)
πθold

(τ)
=

p(s0)∏T
t=1 p(st+1 |st, at) ⋅ πθ(at |st)

p(s0)∏T
t=1 p(st+1 |st, at) ⋅ πθold

(at |st)
=

T

∏
t=1

πθ(at |st)
πθold

(at |st)

Causal temporal structure?
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∇θU(θ) = 𝔼τ∼πθold

πθ(τ)
πθold

(τ)
∇θ log πθ(τ)R(τ)

πθ(τ) = p(s0)
T

∏
t=1

p(st+1 |st, at) ⋅ πθ(at |st)

∇θU(θ) = 𝔼τ∼πθold

T

∏
t=1

πθ(at |st)
πθold

(at |st)

T

∑
t=1

∇θ log πθ(αt |st)
T

∑
t=1

R(st, at)

= 𝔼τ∼πθold

T

∑
t=1

∇θ log πθ(αt |st)(
T

∏
t=1

πθ(at |st)
πθold

(at |st) ) (
T

∑
t=1

R(st, at))

∇θU(θ) = 𝔼τ∼πθold

T

∑
t=1

∇θ log πθ(αt |st)(
t

∏
t′ =1

πθ(at′ |st′ )
πθold

(at′ |st′ ) ) (
T

∑
t′ =t

R(st′ , at′ ))

πθ(τ)
πθold

(τ)
=

p(s0)∏T
t=1 p(st+1 |st, at) ⋅ πθ(at |st)

p(s0)∏T
t=1 p(st+1 |st, at) ⋅ πθold

(at |st)
=

T

∏
t=1

πθ(at |st)
πθold

(at |st)

Causal temporal structure?
These terms can explode or vanish! Not very useful due to the 
large variance they cause in the estimator.
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Approximate Off-policy Policy Gradients with Importance 
Sampling

U(θ) = 𝔼τ∼πθ(τ) [R(τ)]

=
T

∑
t=1

𝔼st∼pθ(st) [𝔼at∼πθ(at|st)R(st, at)]U(θ) =
T

∑
t=1

𝔼(st,at)∼pθ(st,at)R(st, at)

Let’s write the objective w.r.t. expectations for each time step using per-timestep  state marginal 
distributions: 

pθ(s) = 𝔼s1∼p0(s),a∼π(⋅|s),st+1∼p(S|st,at)
1
T

T

∑
t=1

1(st = s)

We define the state marginal distribution as the probability that the policy visits state s:

pθ(s) = (1 − γ)
∞

∑
t=0

γtP(st = s |πθ)



Approximate Off-policy Policy Gradients with Importance 
Sampling

U(θ) = 𝔼τ∼πθ(τ) [R(τ)]

=
T

∑
t=1

𝔼st∼pθ(st) [𝔼at∼πθ(at|st)R(st, at)]U(θ) =
T

∑
t=1

𝔼(st,at)∼pθ(st,at)R(st, at)

Let’s write the objective w.r.t. expectations for each time step using per-timestep  state marginal 
distributions: 

UIS(θ) =
T

∑
t=1

𝔼st∼pθold(st)
pθ(st)

pθold
(st) [𝔼at∼πθold(at|st)

πθ(at)
πθold

(at)
R(st, at)]

Now let’s use importance sampling for state and action sampling: 



U(θ) =
T

∑
t=1

𝔼(st,at)∼pθ(st,at)R(st, at) =
T

∑
t=1

𝔼st∼pθ(st) [𝔼at∼πθ(at|st)R(st, at)]

UIS(θ) =
T

∑
t=1

𝔼st∼pθold(st)
pθ(st)

pθold
(st) [𝔼at∼πθold(at|st)

πθ(at |st)
πθold

(at |st)
R(st, at)]

Do we know those quantities?

Approximate Off-policy Policy Gradients with Importance 
Sampling

U(θ) = 𝔼τ∼πθ(τ) [R(τ)]
Let’s write the objective w.r.t. expectations for each time step using per-timestep  state marginal 
distributions: 

Now let’s use importance sampling for state and action sampling: 



U(θ) =
T

∑
t=1

𝔼(st,at)∼pθ(st,at)R(st, at) =
T

∑
t=1

𝔼st∼pθ(st) [𝔼at∼πθ(at|st)R(st, at)]

UIS(θ) =
T

∑
t=1

𝔼st∼pθold(st)
pθ(st)

pθold
(st) [𝔼at∼πθold(at|st)

πθ(at)
πθold

(at)
R(st, at)]

Approximation! UIS(θ) =
T

∑
t=1

𝔼st∼pθold(st)
pθ(st)

pθold
(st) [𝔼at∼πθold(at|st)

πθ(at)
πθold

(at)
R(st, at)]

UIS(θ) ≈
T

∑
t=1

𝔼st∼pθold(st) [𝔼at∼πθold(at|st)
πθ(at)

πθold
(at)

R(st, at)]

Approximate Off-policy Policy Gradients with Importance 
Sampling

U(θ) = 𝔼τ∼πθ(τ) [R(τ)]
Let’s write the objective w.r.t. expectations for each time step using per-timestep  state marginal 
distributions: 

Now let’s use importance sampling for state and action sampling: 



U(θ) =
T

∑
t=1

𝔼(st,at)∼pθ(st,at)R(st, at) =
T

∑
t=1

𝔼st∼pθ(st) [𝔼at∼πθ(at|st)R(st, at)]

UIS(θ) ≈
T

∑
t=1

𝔼st∼pθold(st) [𝔼at∼πθold(at|st)
πθ(at)

πθold
(at)

R(st, at)]

Approximate Off-policy Policy Gradients with Importance 
Sampling

U(θ) = 𝔼τ∼πθ(τ) [R(τ)]
Let’s write the objective w.r.t. expectations for each time step using per-timestep  state marginal 
distributions: 

Now let’s use importance sampling for state and action sampling: 

Approximation!

Do you know how to optimize this objective?

UIS(θ) =
T

∑
t=1

𝔼st∼pθold(st)
pθ(st)

pθold
(st) [𝔼at∼πθold(at|st)

πθ(at)
πθold

(at)
R(st, at)]

UIS(θ) =
T

∑
t=1

𝔼st∼pθold(st)
pθ(st)

pθold
(st) [𝔼at∼πθold(at|st)

πθ(at |st)
πθold

(at |st)
R(st, at)]



U(θ) =
T

∑
t=1

𝔼(st,at)∼pθ(st,at)R(st, at) =
T

∑
t=1

𝔼st∼pθ(st) [𝔼at∼πθ(at|st)R(st, at)]

Approximation!

UIS(θ) ≈
T

∑
t=1

𝔼st∼pθold(st) [𝔼at∼πθold(at|st)
πθ(at)

πθold
(at)

R(st, at)]

Approximate Off-policy Policy Gradients with Importance 
Sampling

U(θ) = 𝔼τ∼πθ(τ) [R(τ)]
Let’s write the objective w.r.t. expectations for each time step using per-timestep  state marginal 
distributions: 

Now let’s use importance sampling for state and action sampling: 

Do you know how to optimize this objective? Yes, we will sample trajectories from  and use 
likelihood ratio estimator.

πold

UIS(θ) =
T

∑
t=1

𝔼st∼pθold(st)
pθ(st)

pθold
(st) [𝔼at∼πθold(at|st)

πθ(at |st)
πθold

(at |st)
R(st, at)]

UIS(θ) =
T

∑
t=1

𝔼st∼pθold(st)
pθ(st)

pθold
(st) [𝔼at∼πθold(at|st)

πθ(at)
πθold

(at)
R(st, at)]



ÛIS(θ) =
T

∑
t=1

𝔼st∼pθold(st) [𝔼at∼πθold(at|st)
πθ(at)

πθold
(at)

R(st, at)]

Approximate Off-policy Policy Gradients with Importance 
Sampling

Do you know how to optimize this objective? Yes, we will sample trajectories from  and use 
likelihood ratio estimator.

πold

∇θÛIS(θ) = 𝔼τ∼πθold

T

∑
t=1

∇θ log πθ(αt |st)( πθ(at |st)
πθold

(at |st) ) (
T

∑
t′ =t

R(st′ , at′ ))

∇θU(θ) = 𝔼τ∼πθold

T

∑
t=1

∇θ log πθ(αt |st)(
t

∏
t′ =1

πθ(at′ |st′ )
πθold

(at′ |st′ ) ) (
T

∑
t′ =t

R(st′ , at′ ))

Compare to the exact IS gradient:


